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Abstract. In this paper we provide a geometric framework for the study of characters 
of depth-zero representations of unramified groups over local fields with finite residue 
fields which is built directly on Lusztig's theory of character sheaves for groups over 
finite fields and uses ideas due to Schneider-Stuhler. Specifically, we introduce a class of 
coefficient systems on Bruhat-Tits buildings of perverse sheaves sheaves on afhne algebraic 
groups over an algebraic closure of a finite field, and to each supercuspidal depth-zero 
representation of an unramified p-adic group we associate a formal sum of these coefficient 
systems, called a model for the representation. Then, using a character formula due 
to Schneider-Stuhler and a fixed-point formula in etale cohomology we show that each 
model defines a distribution which coincides with the Harish-Chandra character of the 
corresponding representation, on the set of regular elliptic elements. The paper includes 
a detailed treatment of SL(2), Sp(4) and GL(n) as examples of the theory. 



Introduction 

In their 1997 article in the Pubhcations Mathematiques de I'Institut des Hautes Etudes 
Scientifiques, Peter Schneider and Ulrich Stuhler defined a functor from the category of 
certain smooth representations over C of a connected reductive p-adic group G{Qp) to the 
category of G(Qp)-equivariant coefficient systems of vector spaces over C and subsequently 
obtained a new formula for the characters of such representations on the set of regular 
elliptic elements of G(Qp). 

In this article we restrict our attention to supercuspidal depth-zero representations and 
consider a related construction. We pass from Qp to an unramified closure Q^'' and replace 
the category of vector spaces over C by a triangulated category of £-adic sheaf complexes. 
This gives rise to a category of coefficient systems on the Bruhat-Tits building for G(Q™ ) 
of ^-adic sheaves, with i ^ p. Our category is equipped with parabolic restriction functors, 
an action of G(Qp^), a notion of parabolic induction and an action of Frobenius; we use 
all these to define Frobenius- stable admissible coefficient systems. 

We then show that Probenius-stable admissible coefficient systems are directly related to 
£-adic representations of p-adic groups. For example, we show there is a formal linear com- 
bination of Frobenius-stable admissible coefficient systems (an element of a Grothendieck 
group tensored with Qi) canonically associated to each supercuspidal depth-zero repre- 
sentation of G(Qp); we call this a model for the representation. We also show that each 
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Probenius-stable admissible coefficient system defines a distribution on the set of eUiptic 
elements of G{Qp). Finally; we show that the distribution associated to the model of a rep- 
resentation coincides with the character of the representation on the set of regular elliptic 
elements. 

Although our focus here is on models for depth-zero supercuspidal representations, the 

distributions associated to admissible coefficient systems themselves are very interesting. 
In general, these distributions are neither orbital integrals nor characters of representations; 
however, they appear to generalize the distributions in [WalOl]. 

We have recently found that admissible coefficient systems admit a geometric description: 
they may be interpreted as objects in a triangulated category of £-adic sheaf complexes 
on the etale site of a rigid analytic space associated to the group Gq^. However, since 
the theory of derived categories of ^-adic etale sheaves on rigid analytic spaces over Qp is, 
as far as the authors are aware, in some sense still under development, we have opted to 
restrict ourselves to ^-adic etale sheaves on schemes over Fp for the moment. While the 
benefit of this decision is that we can provide a rigourous argument using ideas readily 
available in the literature, the cost of this decision is that several arguments in this paper 
are rather unpleasant due to the fact that we are essentially working with objects and mor- 
phisms defined by local data. The rigid analytic perspective is also the point of departure 
for expanding the scope of this paper to a larger class of admissible representations; in 
particular, we view the present paper as the depth-zero part of a naiscent theory involv- 
ing l-adic sheaves on the etale site of a rigid analytic space which is compatible with the 
theory of character sheaves, via vanishing cycles functors, on the reductive quotients (over 
Fp) of special fibres of affinoi'd spaces formed from canonical integral models for parahoric 
subgroups. In fact, that is where this story began, but the authors were surprised to find 
that much of the depth-zero story could be told without rigid analytic geometry. Hence 
this paper. 

* * * 

We now describe the sections and principal results of this paper in more detail. 

In Sections 1 through 2, K denotes a field equipped with a non-trivial discrete valuation 
such that K is strictly henselian and such that the residue field k of K is algebraically closed 
with non-zero characteristic. We let G be a connected reductive linear algebraic group over 
K satisfying a hypothesis described in Section 1.3. In Sections 1.2 through 1.6 we review 
certain basic constructions associated to parahoric subgroups of the group G{K) . We denote 
facets of the extended Bruhat-Tits building I{G, K) for G(IfC) by i, j, k or /. For each such 
facet we consider a canonical integral model Gi such that G,(ox) = G(K)i, where Ojc is 
the ring of integers in K. We are particularly interested in the maximal reductive quotient 
Gi of the special fibre of Gi, which is a connected linear algebraic group over k because of 
the conditions placed on G in Section 1.3. After recalling some important facts concerning 
equivariant perverse sheaves in Section 1.7 we introduce cohomological parabolic induction 
functors on these reductive quotients in Section 1.8. We then recall some important facts 
concerning character sheaves in Section 1.9. In Section 1.10 we introduce a new category, 
denoted PG, formed roughly by attaching the categories D^{Gi;Qe) using the Bruhat 
order on facets of I{G,K), where D^{Gi;Qe) denotes the bounded derived category of 
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constructible ^-adic etale sheaves on G^. See Definition 1.11 for tfie details. We end 
Section 1 by defining an additive subcategory CG (See Definition 1.11) of VG. Admissible 
coefficient systems are objects in this category with special properties. 

In order to define admissible coefficient systems we first define cuspidal coefficient sys- 
tems in Section 2. We begin by defining a cohomological parabolic restriction functor res p 
in Section 2.1. Then, we describe an action of G(IC) on the category CG in Section 2.2 and 
say that an object of CG is weakly- equivariant if its isomorphism class is fixed by the action 
of G(]K). A cuspidal coefficient system is, roughly, a weakly-equivariant simple object C of 
CG such that res p(7 = for every proper parabolic subgroup P of G. Our first main result 
is Theorem 2.11, which, together with Corollary 2.12, provides a complete description of 
cuspidal coefficient systems in CG. We find that every cuspidal coefficient system may be 
produced, in a manner similar to compact induction, from some cuspidal character sheaf 
on the reductive quotient of the special fibre of the canonical integral scheme for a maximal 
parahoric subgroup of 

In Sections 3 we assume K is a maximal unramified extension of a p-adic field. Note that 
such a field is strictly hcnselian and the residue field of that extension is an algebraic closure 
of a finite field. In Section 3.3 we define a weakly-equivariant object indp^ associated 
to any weakly-equivariant object A in CL, where L is the Levi component for P. Using 
this we define admissible coefficient systems as those simple coefficient systems appearing 
m ind^C for some parabolic subgroup P and some cuspidal coefficient system C (see 
Definition 3.7). 

In Sections Sections 4 through 6 we fix a ;?-adic field Ki and let K"^ denote a maximal 
unramified extension of Ki. Thus, K^'' plays the role of K above. Let be a connected, 
quasi-split unramified linear algebraic group. Then Xspcc{Ki) Spec (K"*") is a split 
connected reductive linear algebraic group over K^** and so we may let Xspec(Ki) 
Spec {W"') play the role of G above. 

The main idea of Section 4 is to use the action of the Galois group Gal(]K"''/]Ki) on the 
extended Bruhat-Tits building /(G, K™') to define a notion of (geometric) frobenius- stable 
objects of CG; roughly, G G objCG is frobenius-stable if its isomorphism class is fixed by 
the action of Probenius. See Proposition 4.2 for details. In the rest of Section 4 we briefly 
revisit the main ideas from Sections 2 and 3 with this Galois action in mind. 

Section 5 relates frobenius-stable admissible coefficient systems to depth-zero represen- 
tations through the notion of a model for a representation; a model is an element of the 
Q^-vector space obtained by tcnsoring with the subgroup of the Grothendieck group for 
T)G generated by admissible coefficient systems (c/. Definition 5.3). Our second main result 
is Theorem 5.4, which shows that every supercuspidal depth-zero representation admits a 
model. In Section 5.3 we use the character formula of [SS97] to associate a distribution 
to each admissible coefficient system. Our third main result is Theorem 5.6, which shows 
that the distribution associated to a model of a depth-zero representation coincides with 
the character of the representation, in the sense of Harish-Chandra, on the set of regular 
elliptic elements of G(lKi). In this way we suggest that the classification and character 
theory of depth-zero supercuspidal representations may be studied through the theory of 
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admissible coefHcient systems. Section 6 applies the machinery of the paper to the groups 
of p-adic points on SL(2) and Sp(4) in order to illustrate this suggestion. 

In summary, the main features of this paper are: 

• Theorem 2.11 and Corollary 2.12, where cuspidal coefficient systems are classified; 

• Theorem 5.4, where models for supercuspidal depth-zero representations are con- 
structed; 

• Theorem 5.6, where we show that the distribution associated to a model of a 
representation equals the character of that representation on the set of regular 
elliptic elements; 

• Section 6, where wc give models for all supercuspidal depth-zero representations of 
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1. Fundamental Notions 

1.1. Fields and algebraic groups. Let IK be a field equipped with a non-trivial discrete 
valuation, let Ok be the ring of integers of K. and let k be the residue field of Ok. We assume 
that K is strictly henselian and that k is algebraically closed with non-zero characteristic. 
Examples of such fields IK include Q^^ (a maximal unramified extension of the field Qp of 
p-adic numbers) and Fp((t)) (formal Laurent series in t with coefficients from an algebraic 
closure of a field with p elements). Note that IK is neither complete nor locally compact. 

Let G be a connected reductive linear algebraic group over K. We assume G splits over 
K. Let G{K) be the group of K-rational points on G} 



In Section 3 we apply the results of Sections 1 and 2 to the case when K is an unramified closure of a 
local field with finite residue field. In Section 4 we fix the local field, denoted Ki , and consider a form Gki 
for G; thus, in Sections 4, 5 and 6, Gki is a connected reductive algebraic group over the local field Ki and 
Gki splits over an unramified extension of Ki . 



6 



ANNE-MARIE AUBERT AND CLIFTON CUNNINGHAM 



1.2. Integral models. The enlarged Bruhat-Tits building for G{K) will be denoted I{G, K) 
Recall that I{G, K) is the product of the semi-simple Bruhat-Tits building for G{K) (the 
building for the derived group) by a real affine space. We denote polyfacets of I{G, K) by 
i, j or k and refer to these as facets. 

For each facet i of I{G, K), the parahoric subgroup of Bruhat-Tits will be denoted G{K)i 
{cf. [BT84, 4.6.28]). Let d denote the integral model of G associated to i by [BT84, 5.1.30, 
5.2.1]; see also [Yu02, 7.3.1]. Thus, Gi is a smooth group scheme over Ok equipped with 
an isomorphism between the generic fibre of Gi and G such that Gi{oK) corresponds to 
G{K)i under that isomorphism {cf. [Yu02, 7.2]). The special fibre of Gi will be denoted 
Gi] thus, Gi = Gi Xgpg(,(-£,j,') Spcc(lk). Then Gi is a smooth connected affine group scheme 
over k {cf. [Yu02, 7.2]). Although Gi is reduced as a scheme, it need not be reductive as 
a group scheme; let Vi : Gi Gi be the maximal reductive quotient of Gi. Then Gi is a 
linear algebraic group over k which is both connected and reductive. In fact, Gi is a closed 
subscheme (over k) of Gi, which is a closed subscheme of Gi. In summary, we have the 
following commutative diagramme. 

(1-1) G ^Gi^ Gi'-^j-^^Gi 

Spec (IK) > Spec (ok) Spec (k) 

Let pi : Gi(oK) — > Gi{k) denote the composition of the group homomorphism Gi{o-^ 
Gj(k) defined by composition with the canonical map Spec (k) Spcc(ok), the identifi- 
cation Gi(k) = Gj(k), and the map of k-rational points Gi(k) Gi(k) induced from fj. 
Observe that pi is a map of points; it is not a map of ringed spaces. 

Example 1.1. Let G = SL(2)k; thus, the global sections of this affine scheme are 

(G) = K [Xn , Xi2 , , X22] / (dct X - 1) , 

where detX = X11X22 — X12X21 — 1. Let i = (01) be the maximal facet (grande cellule) 
of the chamber corresponding to the Iwahori subgroup 

hii hi2\ j /iii,/ii2,/i22 G Ok; /121 g Pk 1 

h2l h22j I /lll/l22 - hi2h21 = 1 J ' 

In this case, G(oi) is the affine OK-scheme with global sections 

^G(oi)(G'(oi)) = 0K[-^ll,-'^12,-'^21,-'^22,-'^2l]/(detX - 1,^21 - wX!^^), 

where w is a generator for pK- (Of course, the scheme G(oi) is independent of this choice.) 
The isomorphism of the generic fibre of G(oi) with G is given by Xnm Xnm: for 
1 < n,m < 2. Since G(oi) is a group scheme, 0^(01) (G'(oi)) is a Hopf algebra; the co- 
multiplication is given by Xnm ^ J2k -^nk ^ X^m and X'21 1— >■ X'21 ® X12 + X22 ® ^21- "^^^ 
k-algebra of sections on the special fibre G(oi) of G(oi) is 

^G(oi)(G'(oi))®k = k[Xn,Xi2,X22,X^i]/(XllX22-l), 



G(K)(oi) 
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with co-multiphcation given by 

Xu Xu (g) Xii 

Xi2 ^ Xu <8) Xi2 + Xi2 (8) X22 
^21 ^ (g) Xii + X22 (8) X^i 
X22 I— > X22 <8) X22 ■ 

Evidently, G(^oi) is not reductive. The reductive quotient of G(oi) is GL(l)k, and the map 
^(01) • '^(oi) ^ G'(oi) is induced from the inclusion 

k[Xn,X22]/(XllX22-l) k[Xn,Xi2,X22,X^l]/(XuX22-l). 

In this example, p(oi) : G(oi) (ok) G(oi) (k) is given by 

'hu hi2 

where hu is the image of hu under the canonical map Ok — > k. 

Example 1.2. Continuing with G = SL(2)k, let (0) and (1) be the vertices in the closure 
of the facet considered above. Let G(o) be the model for G with global section given by 

Og(3)(G(o)) = 0K[Xn,Xi2,X2i,X22]/(detX- 1). 

As above, the isomorphism of the generic fibre of G(o) with G is the obvious one. On the 
other hand, is the integral affine scheme with global sections 

^G(i)lt.(i)j - (detX-l,t;c7Xi2-X(2,X2i-7rX^i)' 

where is a uniformizer for K. (As above, the scheme G(x) is independent of this choice.) 
The isomorphism from the generic fibre of to G is determined by Xnm ^ ^nm for 
1 < n, m < 2. In both cases, the special fibre is SL(2)]i{; since this group scheme is reductive, 
the maps 1^(0) and 1/(1) are identities. 

1.3. Stabilizers. When the time comes to relate admissible coefficient systems to charac- 
ters of depth-zero representations of p-adic groups we will sec that it is natural to study 
stabilizers of facets rather than parahoric subgroups. The stabiliser of any facet of I{G, K) 
under the action of G{K) is a compact group (recall that I{G, K) refers to the enlarged 
Bruhat-Tits building) which admits a canonical smooth integral model (c/. [Yu02, 9.3.2]). 
However, in general, the maximal reductive quotient of the special fibre of this integral 
model need not be connected, so we cannot use the theory of character sheaves as devel- 
oped in [Lus85]. We therefore now impose a condition on the groups G that we study: 
we assume that the stabilizer of each facet in I{G, K) is a parahoric subgroup, and fur- 
ther that the reductive quotient of the special fibre of the canonical integral model of that 
parahoric subgroup is connected, as an algebraic group over k; we also demand that the 
same property hold for all cuspidal Levi subgroups of G (cf. Definition 2.13). When G 
is simply connected, this condition is satisfied (c/. [Tit79, 3.5.2]); it also holds for general 
linear groups and symplectic groups. 
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Remarkably, Lusztig has recently extended the definition of character sheaves to the 
disconnected group case so there is good reason to expect the main results of this paper 
can be extended, mut. mut., to a larger class of groups. 

1.4. Restriction between reductive quotients. Let i and j be facets of I{G,K) such 
that i < j in the Bruhat order. Let fi<j : Gj — > Gi be the morphism of group schemes over 
Ok obtained by extending the identity morphism ido in the category of group schemes over 
Ok {cf- [Lan96, 6.2]). By restriction to special fibres, this defines a morphism /j<j : Gj — > Gi 
of group schemes over Ik, making the following diagramme commute. 

(1.2) Gj^Gi 



In fact, this diagramme is cartesian. Let Gi<j denote the schematic image of fi<j in Gi. 
Let Gi<j be the schematic image of Gi<j under fj and let fi<j denote the restriction of Ui 
to Gi<j. Next, let 

(1-3) fi<j = hi<j o gi^j 

be the factorization given by the Isomorphism Theorem. The kernel of fi<j, which equals 
the kernel of gi<j, is contained in the kernel of i^j; thus, gi<:j factors through z^j to give a 
map Gi<j — > Gj; since the kernel of fi<j is contained in the kernel of this new map, it too 
factors, this time through i'i<j, thus defining rj<j : Gi<j — > Gj. Notice that 

(1.4) Vj = ri<j o Vi^j o gi<j. 

Let Si<j : Gi<j Gi be the obvious inclusion; this is an affine closed immersion. By 
[Lan96, 9.22], Sj<j : Gi<j ^ Gi is a parabolic subgroup with Levi component Gj given by 
the reductive quotient map rj<j : Gi<j Gj, which is a smooth projective map; we also 
have Gi = Gi X(5.<^ Gi<j. In summary we have the following commutative diagramme, in 
which the square on the bottom right is cartesian. 




Recall the derived category D^{Gi,Q£) of cohomologically bounded constructible ^-adic 
sheaves with £ / p, introduced in [Del80, 1.1.1-1.1.5] and [BBD, 2.2.9, 2.2.14, 2.2.18] (cf. 
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[SGA5, exposes VI, V, XV]). We will follow the notational conventions of [BBD] regarding 
derived functors. 

Definition 1.3. Let i and j be facets of I{G,K) such that i < j. Define res i<j : 

(1.6) resi<j = ri<j, s*^j {di<j), 

where {di<j) denotes Tate twist by di<j = dimkerri<j. 

Remark 1.4. Thus, reSi<o = res^* , where the right-hand side refers to the parabolic 
restriction functor defined in [Lus85, Sect. 3. 8]. Wc will sometimes write reSg* for resi<j 

to emphasize the fact that it is a functor from D^[Gi;Qe) to _D^(G'j;Q^). It must be un- 
derstood that the definition of the functor makes reference to a specific parabolic subgroup 
of Gi with Levi component Gj. Note also that resi<i is an identity functor. 

Proposition 1.5. If i,j,k,l are facets of I{G,K.) such that i < j < k < I then there are 
canonical isomorphisms of functors 

res i<j<k ■ res j<k res i<j res i<k 



such that the diagramme 

res k<i res j<k res i<j 

resk<i resi<^<jfc 

res k<i res i<k 



resj<fc<i resi<j 



res j<i res i<j 

resi<j<j 

^ resi<« 



commutes. 

Proof. Observe that i < j < k < I implies there is an apartment containing all of i, j, k and 
I. We begin by defining^ res j<j<fe. Let ri<j<k '_Gi<k -^_Gj<k and Si<j<k_: Gi<k ^ Gi<j be 
the pull-back of ri<j : Gi<j Gj and Sj<k '■ Gj<k ~^ Gk with domain Gj<fc; in particular, 

(1-7) ri<k = rj<k o ri<j<k 

and 

(1-8) Si<k = Si<j o Si<j<k- 

See [Lan96, Prop. 9. 22] for the existence of such a pull-back. The situation is summarized 
by the following diagramme, in which the square is cartesian and all triangles commute. 

(1-9) ^ Gi<k 
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Observe that all maps r. are smooth projective and all maps s. are affine closed immersions. 

To define res j<j<fc we begin by observing that di<k = di<,j + dj<k and that Tate twists 
commute with everything below. Thus, 

vesj<kvesi<j = rj<k^ s*<fc i(^j<k) '<'i<3\ s*<j {di<j) 

= '^j<fc! ■5j<fc fi<j\ Si<j {di<k)- 

Applying the smooth base-change theorem for direct images with compact supports for 
£-adic sheaves (see [SGA4, Expose XVII, §5.2]) to the cartesian square in Diagramme 1.9, 
it follows that the base-change natural transformation 

(1-10) ^i<j<k ■ s*<k i^i<ji n<i<k\ s*<j<k 

is an isomorphism of functors. Thus, 

(1.11) rj<ki Sj*<fe ri<j, s*^j {di<k) 

f3<k\ fi<j<k\ ^i<j<k ^i<j (^i<fe) 

is a natural isomorphism. Let pi<j<k '■ rj<k\ T~i<i<k\ ^ i^i<k\ be the natural isomorphism 
determined by Equation 1.7; these isomorphisms satisfy a cocycle condition (see [SGA4, 
Expose XVII, Thm 5.1.8(a)(i)]). Likewise, let ai<j<k ■ s*^j^i^ ^j<k ~^ ^i<k natural 
isomorphism determined by Equation 1.8; these isomorphisms satisfy the analogous cocycle 
condition. Now, the following diagramme commutes. 



(1.12) 



'''3<k\J'i<j<k\Si<j<k^i<i\^i<k) 



n<k\s*^j<k^i<j{di<k) 



rj<ktri<j<k,cri<j<k(di<k) 



fi<k\yi<j<k{di<k) 



rj<k\ri<j<k\S*^^{di<k) 



Pi<j<kSj^k('^i<k) 



'fi<k\S*<k{di<k) 



Define reSj<j<fe by composing Diagramme 1.11 with Diagramme 1.12 in the obvious man- 
ner. It is clearly a natural isomorphism as it is defined by composing natural isomorphisms. 

Having defined res i<j<k we now turn to the remaining part of Proposition 1.5. Using the 
same procedure as above, let rj<k<i '■ Gj<i Gj<k Sj<k<i '■ Gj<i ^ Gj<k be the pull- 
back of rj<k '■ Gj<k ~^ Gk and Sk<i : Gk<i — > Gi with domain Gj<i; in particular, rj<i = 



rk<l o rj<k<l and s 



Sj<^k ° Sj<k<l- Likewise, let r. 



i<j<k<l ■ Gi<l 



Gj<i and Si<j<k<i 



Gi<i ^ Gi<k be the pull-back of ri<j<k : Gj<fc Gj<k and Sj<k<i : Gj<i Gj<k with 
domain Gi<i; in particular, ri<i = r^x^ o rj<j<fc o ri<j<k<i and Si<k = Si<j o Si<j<k ° Si<j<k. 
The situation is summarized by the top part (the upper twelve arrows) of Diagramme 1.13, 
in which all squares are cartesian. As above, observe that all maps r. are smooth projective 
and all maps s. are affine closed immersions. The bottom part (the lower six arrows) of 
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Diagramme 1.13 is obtained by pushing-out, which is possible exactly because the maps r. 
are smooth projective and all maps s. are affine closed immersions! 



(1.13) 



Gi 



pi<l 
A- 

Si<j<k<l ' ' ■■■■.Ti<J<fc<i 



rj<k<l 




Gi/Gi<j 



Gk/Gk<i 



The cocycle relation for the restriction functors is obtained by repeated application of 
[SGA4, Expose XVII, Thm 4.4] to Diagramme 1.13. □ 

1.5. Parabolic restriction on the level of reductive quotients. In Section 2.1 we will 
need the following consequence of Proposition 1.5. Let P C G be a parabolic subgroup with 
reductive quotient L. We fix an imbedding of buildings /(L,K) /(G, K) (c/. [LanOO]). 
We will write ic for the image of a facet i of I{L, K) under this embedding. Let i be any 
facet of I{L, K). Then Li is a Levi subgroup of Gi^. By [Lan96, 9.22] there is a unique facet 
ip in /(G, K) such that ic ^ ip and Zj = Gjp and Gi^^ip is the schematic intersection of 
Gjg with P in Gj^. (See Section 1.4 for the definition of GiQ<ip.) 

Lemma 1.6. Let P be a parabolic subgroup of G with levi component L. With notation as 
above, there is an isomorphism of functors 



such that 



res jp</i;p TGS ip-cjp res^^<^p 



^GS ipKj p^kp ^G—^P 



-s- res ip<kp rss iQ<ip 



^('Sjp<kp res 



i<.j 



res jp<fcp resjg<jp i'eSiQ<jQ 



res kG<kp jc^ka iG^jc 



res kQ<kp res <jQ < fc^; 

commutes for all facets i, j and k of I{L, K) such that i < j < k 
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Proof. As the notation perhaps suggests, the natural transformation res is defined using 
Definition 1.3; specifically, 

(1.14) res.^j- := res ^i^^.^^^.^ o resie<ip<jp. 

This is clearly an isomorphism of functors. The property appearing in Lemma 1.6 follows 
from Proposition 1.5. □ 

1.6. Conjugation. Let m : G x G ^ G be conjugation over K. Recall that the Bruhat- 
Tits building /(G, K) is equipped with an action of G(K) which we indicate by 

G(]K) X /(G,]K) ^ /(G,IC) 
(5, i) ^ gi. 

We will also write ig for g~^i. 

Fix an element g of G(K) and let m{g) : G — > G be the morphism given by m{g){h) = 
m{g, h) for h G G(]K) (recall that k is algebraically closed, sec Section 1.1). Fix a facet i and 
recall that Gj and Ggi are smooth integral models of G. Since m[g)[Gi{o'i£)) = Ggi{o^), it 
follows from the Extension Principle (c/. [BT84, 1.7]) that the isomorphism m{g) : G G 
of group schemes over K extends to an isomorphism m{g)i : Gi —>■ Ggi of group schemes 
over Ok. Restricting to special fibres, m{g)i defines an isomorphism ifi{g)i : Gi — > Ggi of 
reductive qTioticnts. Restricting to case when g in an element of Gj(oK) we obtain a family 
of isomorphisms 

fh{g)i -.Gi^Gi 

which together define conjugation fhi : Gi x Gi ^ Gi on the level of reductive quotients. 
If h is an element of Gj(oK) then fhi{pi{h)) = fh{h)i, with pi as defined in Section 1.2. 

Lemma 1.7. Let g be an element of G{K) and let i,j be facets of I{G,K.) with i < j. 

lesf^j : resi<j m{g)* ^ fh{g)* reSgi<gj 



Then there is an isomorphism of functors in D^{Gg 



such that 



- , X* resi<j<fcm(ff)? _ 

res j<fe res i<j m{g)* ^ reSi<fe m{a)\ 



Tesj<k resf 



msj<kfh{g)* resgi<gj resf< 

g 

HaTk resgj<gfcresgi<gj ^rh{9)*k reSgi<pfe 

commutes for all facets i, j and k of I{G,K) such that i < j < k. 
Proof. Observe that 

(1.15) resj<j rh{g)i* = ri<j, Si<j* fh{g)i* {di<j), 
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by Definition 1.3. Now, consider the following commutative diagramme, where m{g)i<j is 
the isomorphism of special fibres obtained by restricting m{g)j to Gi<j. 

(1.16) Gi^^G,<,^^Gj 









m(g)j 






■ 





Since the left-hand square in Diagramme 1.16 commutes (by construction) we have the 
following natural isomorphisms in D(Ggi;Qi). 

(1.17) Si<j* m{g)* ^ {m{g)i o Si<j)*={sgi<gj o rh{g)i<j)* = m{g)i<j* Sgi<gj* 

Applying the smooth base-change theorem for direct images with compact support for 
£-adic sheaves (see [SGA4, Expose XVII, §5.2], see also [Eke90, Thm 6.3 (c)]) to the right- 
hand square in Diagramme 1.16 (which is indeed cartesian) it follows that the base-change 
natural transformation 

(1-18) <pl<j ■■ m{g)* rgi<gj, ri<j, m{g)*^j 

is an isomorphism of functors. Since 

(1-19) '^gi<g3\ ^gi<9j {dgi<gj) ~ ^^^gi<gjj 

by Definition 1.3 again, we define res^^^ by composing the isomorphisms appearing in 
Equations 1.15, 1.17, 1.18 and 1.19 in the obvious manner. The property appearing in 
Lemma 1.7 is now a direct result Proposition 1.5 (which in turn follows from [SGA4, 
Expose XVII, §5]). □ 

1.7. Equivariant perverse sheaves. In this Subsection we discuss a fundamental result 
concerning the category of equivariant perverse sheaves which plays a key role in the 

definition of parabolic induction as a functor. 

Let X be an algebraic variety over k and let A4X denote the category of perverse sheaves 
on X. Let m : PxX ^ X hean action of a connected algebraic group on X over k. Recall 
from [Lus84, §0] that a perverse sheaf F on X is equivariant if there is an isomorphism 

(1.20) HF : m*F pr*F 

in D^{P X X;Q£) such that e*fiF = idp, where e : X ^ P x X is defined by x (l)^;) 
and pi : P X X ^ X is projection onto the second component. As observed in [Lus84, §0], 
if F is an equivariant perverse sheaf, then there is exactly one such isomorphism fip. 

Fix h S i^(k) and let X ^ P x X he the morphism determined by ex{y) = {x,y) 
(recall that k is algebraically closed, sec Section 1.1). Define 

(1.21) iJ-rix) = e*_i HF- 

Set m{x~^) := m o e^-i. Then pr o e^.-! = id and Equation 1.21 defines a family of 
isomorphisms 

(1.22) Vx € P(k), fiF{x) : m{x-^y F ^ F, 
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such that /LtF(l) = idi? and 



(1.23) m(a; ^)* m(y ^)* F ^ m{x ^)*F 



m{{xy) 



commutes, for all h,h' € -P(Ik), where the left-hand arrow refers to the inverse of the 
isomorphism in Z'^(P, Q^) determined by the isomorphism of functors m{{xy)^^)* 
m{x-^)* m{y-^)*. (We will use Equations 1.21, 1.22 and 1.23 in Section 2.2.) 

We will also say that a morphism (p : Fi ^ F2 in A4X is equivariant if Fi and F2 are 
equivariant perverse sheaves and the following diagramme commutes. 



m*Fi 
pr*Fi 



pr 



m*F2 
■pr*F 



Note that this definition makes implicit use of the uniqueness of the isomorphisms m*Fi — > 
pr*Fi and m*F2 — > pr*F2 as above. Since idp is equivariant if F is equivariant and since the 
composition of equivariant morphisms is equivariant, it follows that equivariant perverse 
sheaves define a category, with morphisms as above, henceforth denoted MpX. 

Proposition 1.8. Let f : X ^ Y be a locally trivial principal fibre space with group P 
and suppose P is connected. Let Fx be a perverse sheaf on X. Then Fx is equivariant if 
and only if Fx = /*[dimP]FY for some perverse sheaf Fy on Y. 

Proof. (This result is presented in [Lus85, 1.9.3].) By the definition of a locally trivial 
principal fibre space there is an open covering Y = LJ„1^ and isomorphisms tn : f~^Yn 
P X K„ such that / is given locally by /„ = pro tn (so : f^^Yn Yn) and the action mx 
of P on X is given loccilly by tn om„ = (mp X id) o ( id X tn) (so nin ■ P x f ^Yn f ^Yn). 
To simplify notation slightly, let X„ denote f~^Yn\ also, let j„ : y„ — > y and z„ : X^ X 
denote inclusions. 

First, suppose Fy is a perverse sheaf on Y. Let Fx = /*[dimP]FY. Since / is smooth 
with fibres isomorphic to P (so the relative dimension of / is dim P) and since P is geomet- 
rically connected (recall that k is algebraically closed), it follows from [BBD, Prop 4.2.5] 
that Fx is a perverse sheaf. To show that Fx is equivariant we must find an isomorphism 
li : m*Fx pr*Px in D^^{P x X; Qi) such that e*^ = idpx, where e : X ^ P x X is the 
section defined by x 1— > (l,x). To see this, consider the restriction of m*Fx to P x X^- 



im*Fx)\pxXn 



(id X in)* m* f* Fy [dim P] 
(/ o m o id X in)* Fy [dim P] 
if oino m„)*Fy [dimPj. 
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On the other hand, the restriction of pr*Fx to P x Xn is 

{pr*Fx)\pxX„ = (idxi„)*pr7*Fy[dimP] 

^ (/ o pr o id X in)*FY[dimP] 
= (/oz„opr)*Fy[dimP]. 

Since / o z„ o m„ = / o i„ o pr, we have {m*Fx)\pxX„ = (pr*Fx)|pxX„- Since U„P x Xn 
is an open cover for P x X, this gives the isomorphism we seek. 

Next, suppose Fx € ohjMX is equivariant; thus. Fx G objA^pX. Let F„ denote the 
restriction of Fx to Xn- Since id x in satisfies the hypotheses of [BBD, Prop 4.2.5], it 
follows that Fji is a perverse sheaf on X„. Recall that m : P X X ^ X is given locally 
by TTin '■ P X Xn — > Xn, as above. Restricting the isomorphism fip^ : m*Fx pT*Fx to 
P X Xn yields the isomorphism : m^Fn pr*Pn- Thus, Fn is an equivariant perverse 
sheaf. Now, let v„ : 1^ ^ Xn be the section of /„ : Xn — > Yn corresponding to 1 G P(k) 
(so Vn is the unique morphism of varieties such that {tn ° Vn){y) = {l,y)). Define 

:=<F„[-dimP]. 

Then P^ G objD^C^; Q^)- By standard glueing arguments, the collection of P^ G objD^l^; Q^); 
as 1^ ranges over the open cover of Y fixed above, uniquely determines an object Py of 

D',{Y;Q^). 

It remains to be shown that Fy is a perverse sheaf. Again, we work locally. For each 
such n, 

[dim P]P^ = [dim P]<P„[- dim P] 

= {Vn O fn)*Fn. 

Let Un '■ Xn — > P X Xn be the section of m„ : P x Xn Xn corresponding to 1 (so Un is the 
unique morphism of varieties STich that ( id x t„) o Un o tn^{h, y) = {h, l,y)). The domain 
of UnlJiPn is UnninFn = (m„ o Un)* Fn = Fn, since Un is a section of m„; the codomain of 
Kil^Fn is 'u5!^pr*P„ = (pr o 'U„)*P„. Since pr o = o /„, it follows that 

</^Fn : /n [dim P]P^ 

is an isomorphism in P'^(X„; Q^). By [BBD, Prop 4.2.5] and the fact that MXn is stable in 
D^{Xn;Qe) under isomorphisms, it follows that F|^ G ohjMYn. By standard glueing argu- 
ments, the collection of isomorphisms u*^fip^^ G morA4X„, as Xn ranges over the open cover 
of X fixed above, uniquely determines an isomorphism in Hom£,6(jf.Q^)(Px, /^^[dimPjPy). 
Prom [BBD, Prop 4.2.5] it follows that Py G ohiMY. This completes the proof of Propo- 
sition L8. □ 

Proposition 1.9. Let f : X ^Y be a locally trivial principal fibre space with group P and 
suppose P is connected. Then /*[dimP] : AiY — > A4pX is an equivalence of categories 

and MpX is a thick subcategory of M.X. 

Proof. By [BBD, Prop 4.2.5] we know that /*[dimP] : MY MX is full and faithful. 
Let Py be a perverse sheaf on Y. From the proof of Proposition 1.8 we have seen that 
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Fx := f * [dim P]Fy is an equivariant perverse sheaf on X and that /*[dimP](^ is an equi- 
variant morphism in AiX for each morphism (f> in A4Y. Thus, /*[dimP] is a functor from 
MY to MpX. Thus, /*[dimP] : MY MpX is full and faithful. Proposition 1.8 tells 
us that this functor is essentially surjective. Thus, /*[dimP] is an equivalence. The last 
clause of Proposition 1.9 follows from [BBD, 4.2.6]. □ 

1.8. Parabolic induction on reductive quotients. Let be a reductive algebraic 
group over k and let P be a parabolic subgroup of H with levi component L and unipotent 

radical U. Let r : P ^ L denote the reductive quotient map and let s : P ^ be 
inclusion. Equip X := H x P with the P-action defined by p ■ {g, h) = {pg~^ ,php~^) and 
let Y denote the quotient by this action. (This is a variety!) Consider the diagramme 

(1.24) L^^x-^Y^^H 

where a{g,h) = r{h), b{g,h) = [g,h] and c[g,h] = ghg~^ . Observe that a is smooth 
with connected fibres of equal dimension dim H + dim U , which is therefore the relative 
dimension of a. Observe that 6 is a locally trivial principal fibre bundle with group P, 
which is connected. Observe also that c is proper. Let F be an equivariant perverse sheaf 
on L with respect to conjugation m^. It follows from [BBD, Prop 4.2.5] that a*[dima]P 
is a perverse sheaf on X. Moreover, since a is P-equivariant (with respect to the action 
on X defined above and the action p ■ I = r{p)lr{p)~^ on L) and since F is P-equivariant 
with respect to the action just defined on L, it follows that a*[dima]P is a P-equivariant 
perverse sheaf on X. Let 

(1.25) Fx = a*[dima]P. 

Since h : X ^ Y is a, locally trivial principle fibre space with group P, and since P is 
connected, it follows from Proposition 1.8 that there is a some perverse sheaf Fy on Y 
such that 

(1.26) Px = 6*[dimP]Py. 

Note that Proposition 1.8 tells us exactly how to construct the perverse sheaf Py. Define 

(1.27) indf P := c*Py 

(Since c is proper, this is equal to aFy-) Notice that, a priori, ind pP is an object of 
D'^{H;Q£); we do not claim that this is a perverse sheaf. 

Next, let ^ be a morphism of P-equivariant perverse sheaves on L. Then a*[dimH](j) is 
a morphism of P-equivariant perverse sheaves on X (by [BBD, Prop 4.2.5] and arguments 
as above). Using the equivalence of categories in Proposition 1.8 again, there is a unique 
(given the choices made above) morphism (^y of perverse sheaves on Y such that 

(t)x = b* [dim P]4>Y. 

Let (j)x be that morphism. Define 

ind p(p := c^cpy- 
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Notice that indp0 is an morphism Z)^(iJ;Q^). Thus, we have defined a functor 

In this paper we will use the above construction with H = Gi, P = Gi<j (see Section 1.4) 
and L = Gj, where i and j are facets of I{G,K) and i < j in the Bruhat order. In that 

case we will denote the functor ind by ind i<j . 

Lemma 1.10. Let g be an element of G{K.) and let i, j be facets of I{G, K.) such that i < j. 
There is an isomorphism of functors 

ind i<j fh{g)* = m{g)* ind gi<gj 
in the category of equivariant perverse sheaves on Gj . 

Proof. Work locally and use the construction appearing in the proof of Proposition 1.8. □ 

1.9. Character Sheaves. Let H he a connected reductive algebraic group over k. We 
recall that a character sheaf is an irreducible perverse sheaf satisfying any one (and hence 
all) of the conditions appearing in [Lus85, Prop. 2. 9]. We also remind the reader that an 
irreducible perverse sheaf on H is admissible if it is an irreducible component of ind pF 
for some parabolic subgroup P and some cuspidal perverse sheaf F on the levi component 
L of P (see [Lus85, 7.1.10]) (Cuspidal perverse sheaves are defined in [Lus85, 7.1.1].) In 
[Lus85, Th.23.1] it is shown that, under some extremely mild conditions on H (which are 
satisfied if p > 7, for example), these two classes of perverse sheaves coincide. 

Regarding parabolic induction as defined in Section 1.8, if F is a character sheaf on L 
then F is equivariant for the conjugation action (see [Lus85, Prop. 2. 18]), in which case 
ind pF is defined. Moreover, in [Lus85, Prop. 4. 8] it is shown that if F is a character 
sheaf on L then indpF is a finite direct sum of character sheaves on H, and therefore 
equivariant for the conjugation action on H. Thus, if F is a finite direct sum of character 
sheaves on L then ind pi*" is a finite direct sum of character sheaves on H. From our 
treatment of parabolic induction as a functor, we see further that if (f) is an isomorphism in 
the category of equivariant perverse sheaves on L and the domain and codomain of (j) are 
finite direct sums of character sheaves on L then indp0 is an isomorphism in the category 
of equivariant perverse sheaves on H. We will use this fact in Section 3.3. 

In this paper we will use these facts with H = Gi and P = Gi<j where i and j are facets 
of i"(G,K) withi < j. 

1.10. Categories. We may now introduce the main categories appearing in this paper. 

Definition 1.11. Let VG denote the following category, 
obj: An object A of VG is a family of objects 

{ A G Dl{Gi;Qe) I i facet of I{G, K)} , 

equipped with a family of isomorphisms 

^Ai<j € Romjyb(^^..Q^^{T:eSi<jAi,Aj) | i < j in /(G,]K)| , 
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such that Ai^i = id^j for each facet i of I{G, K) , and such that the diagramme 

reSj<feAi<j 

res j<k res i<jAi ^ res j<kAj 



res j<^Aj 



is commutative for each triplet i,j,k of facets of I{G,K) such that i < j < k. 
The isomorphism of sheaves appearing on the left-hand side of this diagramme is 
determined by the isomorphism of functors appearing in Proposition 1.5. 
mor: A morphism (j) G Hompg.(^, B) in the category VG is a family 

e Hom^6((5..Q^)(Aj, Bj) I z facet of I{G, , 

such that the diagramme 



res i<jAi 
Ai — 



ii<j<Pi 



is commutative for each pair i,j of facets of I{G, K) such that i < j. 
com: If u and v are morphisms in T>G then the composition o t; is defined in "DG by 
{u o v)i = Ui o Vi for each facet i of I{G, K). 
id: For any object A, the identity id^ : A ^ A is defined by (id^)j = idyij for each 
facet i of 7(G,K). 

Let CG denote the full subcategory of "DG consisting of objects A G objPG such that Ai 
is a perverse sheaf for Gi for each facet i of /(G, K). A coefficient system (for G) is an 
object of CG. 

2. Cuspidal coefficient systems 

Let K, Ok and k be as in Section 1. Likewise, let G be a connected reductive linear 
algebraic group over K satisfying the conditions of Section 1 (and in particular, Section 1.3). 

2.1. Parabolic restriction. Let P C G be a parabolic subgroup with reductive quotient 
L. Recall the notation of Section 1.5. 

Proposition 2.1. There is a canonical functor resp : T>G V>L such that for each facet 

i ofI{L,K), (resp^)j = resi^KipAi^, considered as an object mD^(Zj,Q£). 

Proof. The functor is defined as follows. Let i and j be facets of I(L,K) with i < j. For 
any object A in VG, define 

(resp^)j := les i^^ipAi^, 
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considered as an object in D^{Li,Q(;) using the identification Gip = Lf, also define 

(respv4)j<j := res j^^jpAi^^j^ o resf^jAi^, 

likewise considered as a morphism in D^{Lj,Q£) (see Lemma 1.6 for the definition of the 
natural transformation res ) . For any morphism (f) in VG, define 

(res^^)i := i:eSi^<ip(f)i^, 

considered as a morphism in £)^(Lj,Q^). 

We must verify that reSpA is an object of VL {cf. Definition l.ll(obj)). Using the 
definition above it follows that 

(respj4)j<j = res jQ<ipj4jQ<j|j o reSj^j^j^, 

for all facets i of I{L,K). By Definition l.ll(obj), Ai^^^i^ = idAj^- Prom the definition of 
res^j- appearing in Lemma L6 we see that res^j = idresi^<ip- Thus, 

(res^A)i<i = id(,3,G^).. 

Having shown that reSpTl satisfies the first condition set out in Definition l.ll(obj), we 
now turn to the second part of Definition Lll(obj). Suppose i, j and k are facets of 
/(LjK) with i < j < k. To show that rcsp^ satisfies the second condition appearing in 
Definition l.ll(obj) we must show that the following diagramme commutes. 

(2.1) reSj<jtreSi<j(res^A)i ^ ves j<k{res'f>A)j 



reSj<j<fc(res^A)j<j 



res i<k{ res $A)i — — ^ ( res ^A)k 



(res^A)i<fe 



To do this, we begin be recalling (from Section 1.5) that Lj = Gip (likewise, Lj = Gjp 
and Lk = Gkp)- Together with the definition of ( res p^)i given in above, the top left-hand 
corner of Diagramme 2.1 may be re-written as follows: 



res j<fc res j<j( res pA)j — res jp<^p res ip<jp res iQ<ip^jg, 



and likewise for all the corners of Diagramme 2.1. Now, to show that Diagramme 2.1 com- 
mutes, consider the diagramme below, in which the outer square is exactly Diagramme 2.1. 
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(To save space we write res*^ for reSiQ<jQ, etc..) 




The inner square is the result of applying the functor res^^ to the relevant form of the 
commuting square appearing in Definition l.ll(obj), and therefore commutes, since A is 
an object of VG. The arrow marked 1. is the identity. The arrow marked 2. is reSj'^j^Aj^, 
so the right-hand square commutes by virtue of the definition of {res pA)j^k', likewise, the 
arrow marked 3. is res ^jt^ig , so the bottom square commutes by virtue of the definition 
of (resp^)j<fc. The arrow marked 4. is res j'^^ res ig<jQ^ig, o res j<fc res^^Ajg and the top 
and left-hand squares commute by Lemma 1.6. This, the outer square in the diagramme 
above commutes. Therefore, Diagramme 2.1 commutes. This concludes the demonstration 
that ves'fA is an object in VL. 

Suppose (j) : A ^ B is a morphism in VG and let i and j be facets of /(L,]K) such that 
i < j. In order to show that resp0 is a morphism in VL we must show that the following 
diagramme commutes. 



(2.2) 



resi<j(respA)i 



(rcs^A)i<j 



(res^^),- 



resi<j(res^</))i 



resi<j(res^i?)i 



(rcs^B)i<j 



(res^fi) 



As above, we begin by translating this from a statement about morphisms of sheaves on 
the reductive quotients of parahoric subgroups of L to a statement about morphisms of 
sheaves on the reductive quotients of parahoric subgroups of G, where we will see that the 
diagramme commutes. Thus, for example, the top arrow becomes 



resi<j(resp^)i = resip<jp resiQ<ip^iQ. 
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Now, consider the diagramme below, in which the outer square is exactly Diagramme 2.2. 
(To save space we write res'° for reSjQ<jQ, etc., as above.) 



res*^ res*'^A„ 

jp ip i-G 



res'^res*«Si„ 

3P «P 'G 



3. 



res- vesf^Ai^ 



res j° res 




res 



JG 



A, 



JP-^JG 

The arrow marked 0. is res jQ<jp ia^jG 



res 



, JG 



iQ, the arrow marked 1. is jc<jpBiG<jG ^^'^ 
the arrow marked 2. is res jGKjpAi^^j^; thus, the bottom square is the result of applying 
the functor res j^<jp to the relevant form of the commuting square appearing in Defini- 
tion l.ll(mor), and therefore commutes since (j) is a morphism in 'DG. The arrow marked 
3. is res f^jAi^ and the arrow marked 3. is res f^jBi^, so the upper square commutes 
because res f^j is a natural transformation. The left-hand triangle commutes by virtue of 
the definition of ( res pA)j<j and likewise the right-hand triangle commutes by virtue of 
the definition of (respS) 



demonstration that resp : VG 



Therefore, the outer square commutes. This concludes the 
VL is a functor. □ 



Let P ^ G be a parabolic subgroup containing Borel B and with Levi component (i.e., 
maximal reductive quotient) P ^ L. Let Q ^ -^^ be a parabolic subgroup containing BnL 
with Levi component Q — > M. Let P ^ R ^ Q he a pull-back of P — > L Q in the 
category of group K-schemes. Then P ^ G is a parabolic subgroup with Levi component 

R ^ L and P = QU, where U is the kernel of P ^ P. 

Proposition 2.2. With notation as above, rcsk res 



G 



res 



G 
R- 



Proof. Proposition 2.2 is a consequence of Proposition 2.1 and Proposition 1.5. □ 

Remark 2.3. It was very important for us to keep track of the isomorphisms appearing 
in Proposition 1.5 in order to have a good definition of VG and in order for us to define 
parabolic restriction above. However, it is not important for us to keep track of the 
isomorphism in Proposition 2.2, as we will see below. 

2.2. Weakly-equivariant objects. In this Section we make extensive use of ideas and 
notation introduced in Section 1.6. 

Proposition 2.4. For each g G G{K) there is a canonical functor from VG to VG such that 

the image of A G objP under this functor is an object ^A given by ^Ai := 'm{g~^)* Ag-i^ 
for each facet i o//(G, K). We shall denote this functor by rh{g)* : VG VG 

Proof. Fix g € G(]K). For any A G objPG, define ^A G objPG as follows: for each pair of 
facets i,j of I{G,K) with i < j, 



^Ai := rh{g 



-1- 



* A 
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and 



^Ai<j := m{g )j^g-ij<g-ij o res; 



H<g-ij^9 



(Here, res^_i.^ 1 ■ refers to the natural transformation introduced in Lemma 1.7.) Like- 



wise, for any G Houi-^q^A, B) we define ^cf) G }iom-pQ{^A, ^B) by 



for each facet i of I{G, K). 



From the proof of Lemma 1.7, we see that xes g-i^^g-i^Ag-i^ 



id 



. From 



Definition l.ll(obj) we see that yl„-ij<„-ij = id^ Thus, using Proposition 2.4 we have 



^Ai<i = m{g )* ^g-ij<g-ij o res; 



A 

H<g-^i 9 



= fh{g )* idA^_i . O idm(ff-i)| 

= idm(ff-i)* ° id^(g-i)* A^-i^ 
= idffAj o idsA^ 
= idsAi- 

Having shown that ^A satisfies the first condition set out in Definition l.ll(obj), wc now 
turn to the second part of Definition l.ll(obj). Suppose j and k are facets of 
with i < j < k; suppose also that g G G{K) as above. To show that ^A satisfies the second 
condition appearing in Definition l.ll(obj) we must show that the following diagramme 
commutes. 

res j<fe Mi<j 



(2.3) 



res j<k res i<j ^Ai 

res i<j<k ^Ai<j 

res i<k ^Ai 



res j<k ^Aj 
^A. 



Consider the following diagramme, in which the outer square is exactly Diagramme 2.3. 
(To save space we have written res^* for reSgj<gj, etc..) 



res^reSj<jm(5)*Agi 



m{g)l les^l res^^-^gj ^ mig)l res^lAgj 



reslm{g)*Agj 
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The inner square is the result of applying the functor fh{g)l to the relevant form of the 
commuting square appearing in Definition l.ll(obj), and therefore commutes. The arrow 
marked 1. is the identity. The arrow marked 2. is res^ ^i^Agj, so the right-hand square 
commutes by virtue of the definition of 9Aj<k\ likewise, the arrow marked 3. is res^^^^Agi, 
so the bottom square commutes by virtue of the definition of 9Ai<k- The arrow marked 
4. is res^^j. resgi<gj^gi o res j<k^~csf^j Agi and the top and left-hand squares commute by 
Lemma 2.5. This conchidcs the demonstration that M is an object in T>G. 

Suppose (p : A ^ B is a morphism in VG and let i and j be facets of I{G, K.) such that 
i < j; also, fix G G{K). In order to show that ^ is a morphism in VG we must show 
that the following diagramme commutes. 



(2.4) 



res i<j ^Ai 

9A, 



H<j'- 



res i<j ^Bi 

9B, 



To do this, consider the diagramme below, in which the outer square is exactly Dia- 
gramme 2.4. (To save space we have written res^* for leSgiKgj, etc... , as above.) 



res)m{g)lA, 




ms)m{g)*B, 



9» 



m(5)*res^;.A 



m{g)*iesl]Bg 



m{g)*A^ 



fh{g)*B,^ 



3^93 



The arrow marked 0. is ni(^g)j res gi<gj4'gij the arrow marked 1. is ni(^g^jBgi<£gj and the arrow 
marked 2. is m{g)jAgi<gj; thus, the bottom square is the result of applying the functor 
fh{g)* to the relevant form of the commuting square appearing in Definition l.ll(mor), 
and therefore commutes since ^ is a morphism in VG. The arrow marked 3. is les^^^- Agi 
and the arrow marked 3. is lesf^jBgi, so the upper square commutes because res is 
a natural transformation. The left-hand triangle commutes by virtue of the definition of 
9Ai<j and likewise the right-hand triangle commutes by virtue of the definition of ^B^j. 
Therefore, the outer square commutes. This concludes the demonstration that is a 
morphism in VG. □ 

Lemma 2.5. Let A he an object in VG and let g, h he elements ofG{K). Then f( M) ^ 
in VG. 



Proof. By Proposition 2.4, for each facet i of I{G,K), 



9( h 



mi 



A, 
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and 



Let 



Af^-l„-l4 



IS a 



(f)i : m{h ^)*Ah-ig-ii m{g ^)* m{h ^)*-,^ -h-g- 

be the canonical isomorphism. To prove the Lemma 2.5 we show that 
morphism in 'DG; thus, we show that (p satisfies the condition of Definition l.ll(mor). 
This fohows from Lemma 1.7. □ 

RecaU the hypothesis of Section 1.3. The fact that Gi is a connected linear algebraic 
group over an algebraically closed field allows us to apply the theory of character sheaves 
from [Lus85] to Gi. Suppose A is an object of VG such that Aj is a finite direct sum of 
character sheaves for Gi, for each facet i of I{G,K). By [Lus85, 2.18], Ai is an equivariant 
perverse sheaf. For each x G Gi{k), let l^Ai{x) G morI?^(Gi; Qe) be the isomorphism defined 
by Equation 1.21 in Section 1.7. 

Definition 2.6. An object A G objCG is weakly- equivariant if the following conditions are 
met. 

(a) For each facet i of I{G,'K), the perverse sheaf Ai is equivariant. 

(b) There is a family of isomorphisms 

^lA = Mg) G Hom^G(%^) I g G GiK)} 
such that /xa(1) = id^ and the diagramme 



9{'^A)'-^^A 



iJ-A{gh) 



commutes, for all g and h in The arrow appearing on the left-hand side of 

this diagramme is the isomorphism of Lemma 2.5. 
(c) For each facet i of I{G,K) and for each g £ Gj(oK), 



A morphism cj) 
the diagramme 

(2.5) 



^^A,{pi{g)) = f^A{g)i- 

: A B of weakly-equivariant objects of CG is itself weakly-equivariant if 




commutes for all g € G(IfC). 
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Lemma 2.7. Suppose A is weakly-equivariant. For each g G G(IK), the morphism fJ-Aig) '■ 
^ A is an isomorphism in VG, and 



Proof. Using Definition 2.6(b), we have id^ = /xa(5) o ^/^a(5 Using the functor ality of 
conjugation yields 



2.3. Cuspidal coefficient systems. Recall the definition of the additive category CG 
from Section 1.10. In particular, recall that objects of CG are called coefhcient systems for 



Definition 2.8. A non-zero coefficient system C for G is cuspidal if it satisfies the following 
conditions: 

(a) Ci is a finite direct sum of character sheaves for Gj, or 0, for each facet i of I{G, K). 

(b) C is weakly-equivariant (see Definition 2.6). 

(c) If C = ^ © in CG and A and B are weakly-equivariant, then ^ = or B = 0. 

(d) res pC = for each proper parabolic Levi subgroup L C G. 

Let .4*^°) G denote the set of cuspidal coefficient systems for G. 

In this Section we give a complete description of the isomorphism classes in A^^^G. 

Proposition 2.9. Let io be a vertex of I{G,K.) and let F be a cuspidal character sheaf for 
Gif^ . There is a cuspidal coefficient system C for G such that Ci^ = F and Cj = unless 
i is in the G(K.)-orbit of io; moreover, up to a weakly-equivariant isomorphism, C is the 
unique cuspidal coefficient system for G with these properties. 

Proof. We begin by showing existence of C G objCG with the properties claimed above. 
Denote the G(]K)-orbit of the vertex iq in I{G, K) by O{io). Consider the function G{K) 
0{io) given hy g gio and let i i-^ Wi denote a normalised section of that function; thus, 
u^ig = 1g(]k) and for each i £ O(io) the element Wi of G(K.) satisfies that Wiio = i. For each 
facet i of I{G,K), define 



fiA{g)-' = Wig-')- 



3-\W{g-^)o^iA{g)) 



Wig-') ° ^~Va(5) 
i^Aig-'g) 

id A- 




= idsA- 

It follows that HAig)^^ = ^I^Aig-'), as promised. 



□ 



G. 



(2.6) 
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If i and j are facets of I{G, K) and i < j then we define 



(2.7) Ci<j = I 




We will show that Equations 2.6 and 2.7 define an object of CG. If i and j are not 
facets in O{io), or if i = j, then the diagramme in Definition l.ll(obj) is commutative 

for trivial reasons. Thus, we suppose now that i or j is contained in O(io) and i < j. 
Since zq is a vertex, it follows that i € O(io) and j ^ O{io); therefore Cj = 0. Since 



Levi subgroup of Gi, it follows that resi<jCi = 0. Thus, in all cases, Ci<i = idc^ and 
les i<j<kCi o Ci<k = Cj<k o res j<fcC.j<j for each triplet k of facets of I{G, K) such that 
i ^ j ^ k. It is clear from these definitions that C is an object of VG (see Definition 1.11) 
and that Cjg = F. Since Cj is a perverse sheaf for every facet i, it follows immediately 
that C is an object of CG (see Definition 1.11). We must now show that C is cuspidal (see 
Definition 2.8). 

It is clear that C satisfies the condition appearing in Definition 2.8(a). In order to 
demonstrate Definition 2.8(b) we define a family fic of isomorphisms in VG satisfying 
the conditions of Definition 2.6. First, recall that a cuspidal character sheaf is strongly 
cuspidal (c/. [Lus85, 7.1.6]). Using [Lus85, 7.1.1] and [Lus85, 7.1.5], observe that the 
strongly cuspidal perverse sheaf F is Gj-equivariant. For each x G GiQ{k), let 

I^f{x) : ?fiio(x"^)*F F 

be the isomorphism as in Equation 1.22. For each g € G{K) and for each facet i of I{G, K) 
in the G(K)-orbit of io, define 

(2.8) ki^g := w^f^gwig. 

Then ki^g is an element of Gjp(oK), as we now show. By definition, i = Wiio; thus, g~^i = 
g~^{wii{)) = {g^^Wi)iQ. On the other hand, g^^i is a facet of O(io) implies g^'^i — w^^ij^iQ. 
Comparing these last two equations it follows that w~^gwig G G(K)^y (Note that here we 
use the assumption on G described in Section 1.3.) Now, set ki^g = Pio{ki^g) {cf. Section 1.2). 
In order to define lJ.c{g)i '■ Ci we first suppose i C O{io)- Then 




= fh{g-^y C,g 
= m{g-^y 

= mig-'r fh{w-'r F 



Now, let 

(2.9) mig-'r rn{w-g'r F - fh{Kg9-% F 

be the canonical isomorphism and note also that 



^{Wigg ^Tia F = m{Wi^g ^WiW^ F 
= rn{k-]K%F 
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Let 

(2-10) rn{k-gK% F = ^i^i')tMKX ^ 

be the canonical isomorphism and consider the isomorphism 

(2.11) m{w-%^JiF{hg) : fn{wr%fn{k-l)l F ^ fn{w-%F. 

Since "''F = Q, we let iJLc{9)i '■ ^Ci — > Ci be the composition of the isomorphisms above, 
when i C O{io). Otherwise, fic{g)i = 0. 

It is clear that the family of morphisms fJ-c{9)i € morD^(G'j; Q^) defined above, as i 
ranges over all facets of I{G, K), defines a morphism jJLcig) in {cf. Definition l.ll(mor)), 
since 

(2.12) P'C{g)j ° ^Ci<j = Ci<j o res i<jiJ:c{g)i, 

for i < j in /(G, K). We now show that the family of isomorphisms f^cig) € morPG, as g 
ranges over G(IC), denoted nc, satisfies the conditions of Definition 2.6. If i is not contained 
in the G(]K)-orbit of iq then these conditions are trivial. We now suppose, therefore, that i 
is a facet of O{io), whence nc{9)i = ^^fJ-pik^g)- If 5 = 1, we have ki^g = ki^i = w~^Wi = 1 
and /xf(1) = idp, so 

/xc(l)i = >f(1), 



= id ^iFi 
= idCi- 

Applying the functor m{w~^)*^ to Diagramme 1.23 with x = ki^g and y = kig,h (see 
Equation 2.8) yields the following commutative diagramme. 

(2.13) fniKX ^(Kjr rn{kT^\r F ^ ^ rn{k-]rF 

m{{h,ghg,hr^)* F -fh{w-X F 

The top arrow is '^^'^^'^npikig^h) while the right-hand side arrow is ^^jiFiki.g)', thus, the 
clockwise path is 

= ''^Mhg)°Mg''r '"''^F{hg,h) 

= fJ'C{g)i ° m{g'^Y fic{h)ig 

= i^c{g)i o W{h)i- 
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On the other hand, the left-hand arrow is the canonical isomorphism, while the bottom 
arrow is '^'fJ-Fiki,gkig,h), and 



Thus, Diagramme 2.13 gives us the condition appearing in Definition 2.8(b). 

To show that C satisfies the condition appearing in Definition 2.8(c), suppose C = A(BB 
in CG and that A and B are weakly-equivariant. Then, for each facet i, Ci = Ai ® Bi in 
the category of perverse sheaves for Gi. Since Cj = unless i is in the G(]fC)-orbit of fg, we 
have Ai = and Bi = unless i is in the G(]K)-orbit of iq. Since F is a character sheaf, 
it is irreducible, so C^g = Ai^ © Bi^ implies Ai^ = or Bi^ (recall that Cjg = F). Without 
loss of generality, suppose Bi^ = 0. Since B is weakly-equivariant, this implies Bi = for 
each facet i in the G(IC)-orbit of iq. Since Bi = when i is not in the G(K)-orbit of io 
also, it follows that B = 0. Thus, C satisfies Definition 2.8(c). 

We now consider the condition of Definition 2.8(d). Let P be a proper parabolic sub- 
group P of G and let L be the reductive quotient of P. Let i be a facet of /(L,IC). 
From Proposition 2.1, we see that ( res pC)j may be indentified with res i^,<ipAi^. Since 
P is proper, ip is strictly greater than io; thus, Gip is a proper levi subgroup of Gj^. 
Since F is a cuspidal character sheaf (and therefore strongly cuspidal) and A is weakly- 
equivariant, it follows that Ai^ is either strongly cuspidal or 0; in either case, ic S "^P 
implies ieSiQ<ipAi^ = 0. Thus, ( res pC)j = 0. Since i was an arbitrary facet of /(L,]K), 
it follows that respG = 0. Thus, C satisfies Definition 2.8(d). 

We now show uniqueness. Let A and B be cuspidal objects of CG such that = F = 
BiQ and Ai = = Bi unless i is in the G(lK)-orbit of ig- Note that jiA{k)ii-, = iipiPioi^)) = 
fiBik)iQ for k e Gi„(0K) by Definition 2.8(b). Now, Ai^ = Bi^ implies A -i- = B -i-, 

i i 

hence fh{w^^)* A^-i- = m{w:[^)* B^-i-, so '^^Ai = ""'B^ for all facets i in the G(]K)-orbit 
of io- Define : A — > i? by 



W{Kgkig,h) = '"'lJ'F{pio{ki,gkig,h)) 



= p-c{gh)i. 



(2.14) 





otherwise. 
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We will now show that (f) is an isomorphism in CG. Suppose i is a facet in the G(]K)-orbit 
of iQ. First, using Equation 2.8 and Definition 2.6(b) (twice), we have 

MA (5) = IJ-Aiwiki^gWlg) 

= HA{Wi) O '^ilJiA{ki,gWlg) 

= HA{m) o "'Mki,g) o ""''"''^fiAiw^g^) 

= I^AiWi) O ^^Mh,g) O ^"'>A«/). 

I^Aig)i = HA{wi)i o '"'fJ.AikLg)^ o ^'^^^flAivJ-^). 

= fJ'A{wi)i o ffi{w^^y HA{ki,g)^-ii o fh{g-^y '^'^iXA{wlg^).g 
= fiA{wi)i o m(«;-^)* HA{ki,g)io o m{g-'^y '"'<'t^A{w^g^).g 



Thus, 



Likewise, 



I^B{g)i = fJ'B{wi)iom{w-^y fiF{ki,g)om{g ^y "^''OfiBiw^a^) . 

y zg 



-1 



Using Lemma 2.7 and the definition of (jf we have 

(l>iOi^Aig)i 

= fj'B{m)i ° '""(j'A{w:[^)i o HA{wi 

o m{wiynF{ki,g)orn{9~^y "''^WK^^)^^ 
= I^B{wi)i o m{wiy lJ-F(ki,g) o "fnig'^y ^Aiw^g^).^. 
On the other hand, using the work above and the definition of we have 
I^B{g)i o 

= iiB{wi)i om{wr'^y iiF{ki,g) o fn{g'^y ""'"IJ^Biwia ). 

o fh{g-^y [jXB{wig)ig o "'>A(^i^ig^).J 
= liB{wi)i o m{w~'^y lJ-F{ki,g) 

o m{g-^y ("'>B(^^^').g o HBiwig)ig o "'*«/i^(u;-i).J 
= Mwih o m{w~^y Mh,g) o fh{g-^y '^'^HA{w-^).g. 

Thus, 

(2.15) o HAig)i = iJ'B{g)i o 
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for all facets i of I{G, K) . This concludes the proof that (f> : A ^ B is a weakly-equivariant 
morphism in CG. Since cf) is clearly an isomorphism by Lemma 2.7, this concludes the proof 
of Proposition 2.9. □ 

Definition 2.10. For any vertex i of I{G,K) and any cuspidal character sheaf F on Gj, 
let cindjF denote the cuspidal object of CG given by Proposition 2.9. 

Theorem 2.11. // C is a cuspidal coefficient system for G then there is a vertex of 
I{G, K) and a cuspidal character sheaf F such that Cj,, = F and Ci = unless i is in 
the G{K)-orbit o/io- Moreover, this vertex io is unique up to G(K)- conjugation and F is 
unique up to isomorphism in £)^(Gig;Q^). 

Proof. If Cj = for all vertices i of I{G, K), then C = because each Ci<j : reSi<jCi Cj 
is an isomorphism for each i < j (see Definition 1.11). Since cuspidal coefficient systems 
are non-zero (see Definition 2.8), that is not the case. Thus, there is some vertex i of 
I{G,K) such that Ci 0. Using Definition 2.8(a) we write Ci = (BmCi^m (finite direct 
sum) where each Ci^m is a character sheaf. Let M be a proper Levi subgroup of Gj. Using 
[Lan96] we can identify the star of i in /(G, K) with the building for Gi, so there is some 
facet j in the star of i such that M = Gj. Since M C Gj is proper, i < j. Now, there is a 
parabolic subgroup P with levi component L and a facet k of I(L, K) such that kc = i and 
kp = j. Note also that ka < kp. By Definition 2.8(d), res^G = 0. Thus, (res^G)jfc = 

SO reSkQ<kpCkG = so ieSi<jCi = so res j^Ci = 0. Thus, res j^^'G^.m = 0, for each 
m above. Since this argument applies to any proper levi subgroup M of Gj, and since 
character sheaves are equivariant, it follows that Ci^m is a cuspidal character sheaf. Thus 
we have shown that if z is a vertex then Gj is or is a finite direct sum of cuspidal character 
sheaves for Gi. Note that it follows immediately that Gj = unless i is a vertex. 

Now, let {io, ii, ■ ■ ■ , id} be the vertices of a fundamental G(K)-domain in /(G, K); thus, 
the convex hull of {io, ii, . . . , i^} is a chamber in /(G, K). For each such vertex i„, we write 
Gi„ = ®mCin,m, where Ci^^m is a cuspidal character sheaf for Gi„. Consider 

A := © cindi^Ci^^rni 

where < n < d and < m < dn runs over an index set corresponding to the irreducible 
summands of Gj„ in the category of perverse sheaves on Gj^. Notice that Ai^ = ®mCi„^m = 
Ci^ = Ci^ for each vertex i„ above. Thus, Ai^ = Ci^ for each vertex i„ above and 
Ai = Ci = unless i is a vertex. Note also that A and G are both weakly-equivariant. 

We now show that A = C. Observe that A and G are weakly-equivariant and Ai^ = Ci^ 
for every vertex i„ € {io, • • • , in}- For each such vertex i„, let i i-^ w{n)i denote a normalized 
section of (7 i— > gin, as in the proof of Proposition 2.9; thus, i = w{n)iin for each vertex i in 
the G(IC)-orbit of in- Since the set of vertices in /(G,]K) is partitioned into G(]K)-orbits, 
for each vertex i there is a unique vertex i„ such that i = w{n)iin. Let i be any vertex and 
define (pi : Ai ^ Ci by 

4>i = l^c{w{n)i)i o i_iA{w{n)i)^^ . 
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This composition is defined since the codomain of /Xyi(ii)(n)i)j is the domain of fiA{w{n)i)i 
which is ^("^'Aj, and by Proposition 2.4, 

= fh{w{n)r^)*Bi^ 

— ""WiR. 

— ^t: 

which is the domain of fj,c{w{n)i)i. Observe also that the domain of 0^ is indeed Ai since 
the codomain of iJ,A{w{n)i)i is Af, hkewise, the codomain of 4>i is indeed Bi since the 
codomain of fJLc{w{n)i)i is Cj. If i is not a vertex, define = (Recall that A^ = Ci = Q 
unless z is a vertex.) To see that this defines a morphism in VG is it necessary to see 
that the diagramme appearing in Definition l.ll(mor) commutes for all i < j. But the 
case i = J is trivial since Ai<j = Ci<j = 1 if i = j; the case i < j is equally trivial, since 
Ai<:j = Ci<j = if i < j; Thus, (f) \s & morphism in 'DG. In fact, from the definition of 
each <pi is is also clear that is an isomorphism in T>G. Since CG is a full subcategory 
of VG and since the domain and codomain of (j) arc objects of CG it follows that (p is an 
isomorphism in CG. (In fact, (p is weakly-equivariant.) 

Since A = C and C is cuspidal, it follows that A is also cuspidal. Since each cindi^Ci^^rn 
is weakly-equivariant by Proposition 2.9, it follows from Definition 2.8(c) that cindj^Ci^^m = 
for all but one vertex i„ and for all but one index m. Let iq be that vertex, set m = 
and let F = Gi^^Q. Then A = cindigF. Now, A = G implies G = cindjgF, which completes 
the proof of Theorem 2.11. □ 

Corollary 2.12. Let io,ii, ■ ■ ■ ,id be a set of representatives for the G{'K)-orbits of vertices 
in /(G, K). The isomorphism classes in A^^^G (see Definition 2.10) are parameterized by 

[{in,F)\Q<n<d, Fedf^], 

where Of*^ denotes a set of representative for the isomorphism classes of cuspidal character 
sheaves for Gi^ (cf. [Lus85, 3.10]j. 

Definition 2.13. A Levi subgroup L C G is said to be a cuspidal Levi subgroup if there 
is a cuspidal coefficient system for L; in other words, L is a cuspidal Levi subgroup of G if 
A^^^L is non-empty {cf. Definition 2.8). 

Example 2.14. The algebraic group GL(n)]ic admits only one cuspidal Levi subgroup, 

up to conjugacy, and that is the split torus. The split torus GL(1)k in SL{2)^ is also a 
cuspidal Levi subgroup, as is 5^(2)^ itself, as we shall see in Section 6. The cuspidal Levi 
subgroups of 5p(4) are described in Section 6. 



32 



ANNE-MARIE AUBERT AND CLIFTON CUNNINGHAM 



3. Admissible coefficient systems 

Throughout Section 3 we assume IK is a maximal unramified closure of a local field with 
finite residue field. We note that such a field is strictly hensclian and that the residue field 
is an algebraic closure of the finite field. Let G be a connected reductive linear algebraic 
group over K satisfying the conditions of Section 1.3. 

Let a : P ^ Ghea parabolic subgroup with Levi component L. In Section 3.1 we define 
a parabolic induction function indp taking weakly-equivariant objects of CL to wcakly- 
equivariant objects of CG. It should be noted that, in constrast to parabolic restriction 
indp (Section 2.1), conjugation m{g)* (Section 2.2), and Probenius fr* (Section 4 below), 
parabolic induction ind p is a function, not a functor. This is because we can only apply our 
definition to weakly-equivariant objects in CL, and we have not constructed a category of 
weakly-equivariant objects in CL. This is not to say that such a construction is not possible. 
Note that we took pains in Section 1.8 to treat ind functor on the category of 

equivariant perverse sheaves, not just a function, and we will use that improvement below. 
However, the definition of weakly-equivariant objects, while built upon that of equivariant 
perverse sheaves, is considerably less sophisticated and almost certainly not the correct 
definition upon which to try to build a well-behaved category. Nevertheless, our parabolic 
induction indp, as a function, is all that is needed to define admissible coefficient systems 
(see Definition 3.7 below) for the same reason that Lusztig's parabolic induction - also a 
function, not a functor - suffices to define character sheaves. 

3.1. Parabolic subgroups. Let G —^ G/P be the cokernel of cr : P ^ G, let tt : P — > L 
be canonical quotient map and lei U ^ P be the unipotent radical of P. For any facet j 
of 7(G, IK), let Pj (resp. U , Uj) be the schematic closure of P (resp. L, U) in Gj. Then Pj 
(resp. U , Uj) is a smooth integral model for P (resp. U , Uj). Since a{Pj{o^)) C Gj(oK) 
and 7r(Pj(oK)) C Lj(oK), it follows from the Extension Principle (c/. [BT84, 1.7]) that 
a : P ^ G and it : P ^ L and U P extend uniquely to OK-scheme morphisms 
aj : Pj Gj and TTj : Pj — L^ and Uj Pj such that the squares commute in the 
following diagramme. 

(3.1) 




Definition 3.1. Let i be an arbitrary facet of I{G, IK). Let Di{G, P, K) denote the elements 

of the double coset space G.j(oK)\G(]K)/L(]K) represented by (7 G G(K) with the following 
properties, where L*^ denotes the integral closure of L in Gig'. L*^ is a smooth integral 
model for L, L*^(ok) is a parahoric subgroup of L{K), and is a levi subgroup of Gig. 
It follows from [Lan96, 9.22] that there is a unique facet ip in the star of ig such that 
GjS = L*^ and G^g^ia^ coincides with the schematic intersection of P with Gig. Let 
denote the facet of /(L,]K) such that L*^ = L^s. Notice that if g satisfies this condition 
then so does hgl for all h G Gj(oK) and / G L(K). 
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We begin by remarking that Di{G,P,K) is finite. First, notice that Gi{oK)\G{K) / P{K) 
is finite. Thus, the image of Di{G,P,K) under the surjection 

Gi(0K)\G(K)/L(IC) ^ G,(ok)\G(K)/P(K) 
Gi{0K)9L{K) ^ Gi{0K)9P{K) 

is finite. Suppose now that g represents a double cosct in Di{G, P,M.). Then each clement 
in the prc-image of Gi{oK)gP(^) under the map above is represented by gu, for some u G 
?7(]K). If gu represents an element of Di{G, P, K) then g and gu have the properties listed 
in Definition 3.1. This implies u G ^^^^(ok), in which case gu = hg for some h G Gi(oK). 
Thus, the intersection of the pre-image of Gi{oK)gP(^) with Di{G, P, K) is a singleton. It 
follows that Di{G,P,K) is finite. 

In order to define parabolic induction functors, we now begin the process of picking 
specific representatives in G(IfC) for the double coscts appearing in Definition 3.1. We 
begin by recalling some basic notions and establishing some notation. Let T be a maximal 
K-split torus of G and let A{G,T,K) be the apartment for T. Let Tq be the Neron 
model for T and let W{G,T,'K) be the associated affinc Wcyl group associated to the pair 
(G(]K),To(oik)); that is, W{G,T,K) = iV(lK)/ro(oiK), where N is the normalizer of T in G. 
If i is a facet of A{G,T,K) let Wi{G,T,K) denote the stabiliser of i in W{G,T,K). Let 
W{G,T,K) be a set of representatives for W{G,T,K) contained in N{K) and chosen so 
that vw is represented by vw when the length of ^JW equals the length of v plus the length 
of w; (c/. [Mor93, 5.2]). Let Wi{G,T,K) denote the subset corresponding to Wi{G,T,K). 

Suppose i and j are facets of I{G, K) such that i < j. Let di{G, P, IK) (resp. dj{G, P, K)) 
be a set of representatives for the double coset space Di{G, P, K) (resp. Di{G, P,K)). The 
map fi<j : Gj Gi {cf. Section 1.4) defines an inclusion of points Gj{oK) C Gj(oK) which 
in turn defines a surjection 

Gj{0K)\G{K)/L{K) ^ Gi{0K)\G(K)/L{K) 
G,{oK)yL{K) ^ Gi{oK)yL{K). 

If y G dj{G, P, K) then y satisfies the conditions of Definition 3.1; in particular, Pjy ^ Gjy 
is projective. Now fiy<jy induces Pjy ^ Piy so Piy ^ Giy is projective. The other 
conditions appearing in Definition 3.1 are also satisfied, so y represents a double coset in 
Di{G, P,^). Therefore, the surjection above restricts to a surjection 

(3.2) Dj{G, P, K) Di{G, P, K) 
which in turn defines 

(3.3) dj{G, P, K) di{G, P, K). 

Let X be the image of y under Equation 3.3. The fibre of Equation 3.2 above the double 
coset represented by x is 

(3.4) {Gj{0K)uxL{K) I u G GjM\GiAoK)/{GUoK) n L{K)} , 
which we now denote Df^j{G, P, K). Observe that 

(3.5) G^Ok) n L{K) = r"(0K) = (ok) 
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and this is a parahoric subgroup of Recall also that ix < ip (see Definition 3.1). 

Using the affine Bruhat Decomposition (c/. [Mor93, 3.22]) we find Df^j{G,P,K) is in 
bijection with 

(3.6) Wj,{G, T, K)\Wi,{G, T, K)/Wii ^' 

Following [Vig03, C.1.1] wc find a unique element of minimal length, called a distinguished 
element, in each double coset above, and let df^j{G, P,K) be the elements of W{G,T,K) 
corresponding to distinguished elements representing the double coset space above. Thus, 
there is a unique u G di<j{G, P,K.)x such that ux = hyl, for some I G L(K.) and some 
h G Gj{oK)- In fact, we can say much more, as Lemma 3.2 shows. 

Lemma 3.2. Keep notation as above. There exists a collection of sets (ij(G, P, K), as i 
ranges over all facets of I{G,K), consisting of representatives for the double coset spaces 
Di{G,P,K), with the following properties: 

(a) Let i and j be facets of I{G,K.) with i < j. If g & dj{G, P,K.) then ux = gl, 
where x is the image of g under the map of Equation 3. 3 and u is an element of 
df^j{G, P,K). Moreover, u and I (and x) are determined uniquely by g. 

(b) Let i be a facet of I{G,K) and let g be an element of G(K). If y is an element 
of dig{G,P,K) then there is unique x in di{G,P,K.) and h in Gi{oK) such that 
gy = hx. 

Proof. Let i be a facet of A{G, T, K). Let di{G, P, K) be a set representatives for Di(G, P, K) 
chosen from W{G,T,'K). Suppose i and j are facets of A{G,T,1K) such that i < j. Now, 
then X, g and u are elements of W{G,T,K.) and g'^ux is contained in W{L,T,K). Set 
I = g~^ux; we now have 

(3.7) ux = gl, 

as promised. Now, let i be any facet of /(G, IK). There is some z in G{K)/N{K) such that 
i is contained in the apartment A{G,T^ ,K). Since zi is a facet of A{G,T,K) we set 

(3.8) di{G, P, K) = z-^d,i{G, P, K). 

If i' < j' and / is a facet of A{G,T^,¥i.) then i' is a facet of A(G, T^,]K) also. Suppose 
x' G dji (G, P, K) and g' is the image of x' under the map to dj' (G, P, K) . Set i = zi' , j = zj' , 
X = zx' and g = zg'. Then z~^u'z is an element of di<j{G, P,K) so set u = zu'z~^. Then 
ux = gl by Equation 3.7, so {zu' z~^){zx') = {zg')l, so u'x' = g'l, as desired. 

The proof of part (b) is omitted. □ 

3.2. Local parabolic induction. 

Definition 3.3. Let P be a parabolic subgroup of G with Levi component L. Let i be 
any facet of I{G,K). Let g be an element of G(K) such that ig satisfies the conditions 

appearing in Definition 3.1. Let ind denote the functor from the category of equivariant 
perverse sheaves whose objects are finite direct sums of character sheaves on to the 
category of equivariant perverse sheaves whose objects are finite direct sums of character 
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sheaves on Gig given by ind j^^^g . For any B G objCL we will write B^^ for 5^9 . Thus, 

Q. . — — 

ind ylgB^^ = ind j <j9 . (This is not a typo; observe that G^g = L^g .) Likewise for 

y — PL PL 

morphisms in CL. 

For j a facet of /(G, K), let be the set of affine roots vanishing on j. Let I be a second 
facet of /(G, K). We wih denote by j A ^ the facet of K) defined by E^az = n S;. 

Lemma 3.4. Let i, j and I he facets of /(G, K) such that i < j and i < I. There is a 
choice of representatives dji /or Gi<j(oK)\Gi(oK)/Gi<;(oK) such that 

les i<j ind i<iF = ^ fh{x~^)* indjx<jxAlTesi<i/yjxF 

and the diagramme 

res j<fe res i<j mdi<iF ^ res j<fe J2xedi , rnix''^)* mdjx<jxAl res i<iAjxF 

iesi<j<k indi<;F 

resj<fcindj<,F ^ Ex-e4 ^^<i-kx<kxAl^es Ki^kxF 

— — k,L 

commutes, for any character sheaf F on Gi. 

Proof. Recall that K is an unramified closure of a p-adic field. We choose a uniformizer 
and, as in [Vig03, C.1.1], we find a unique element of minimal length, called a distinguished 
element, in each double coset above, and let cZ^^ be the set of distinguished elements 
representing the double coset space above. Then use [MS89, Prop 10.1.2] (which gives 
considerably more information concerning the isomorphism above than [Lus85, Prop 15.2]). 
Note that the proofs of [MS89, Prop 10.1.2] and [Lus85, Prop 15.2], while different, both 
depend on the fact that k is the algebraic closure of a finite field. □ 

3.3. Parabolic induction. 

Proposition 3.5. Let P he a parabolic suhgroup G with Levi component L. If B is a 
weakly- equivariant admissible object ofCL then there is a weakly-equivariant object ind^B 
of CG such that 

(ind^i?), := Yl ^^S-')* indf- B^^. 
gedi{G,P,K) 

for each facet i of I{G, K). 

Proof. We must begin by defining (ind pB)j<j for every z < j in I{G,K).To that end, we 
fix one such pair of facets and consider resi<j(indpi3) j. 

reSi<j{md$B)i = res^,- ^ mig-')* indg,« B'<^ 

yedi{G,P,K) 

J2 res| rh{g-')* md^ B'^ . 

gedi(G,P,K) 
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Let 
(3.9) 



gedi{G,P, 



J2 resg^. fhig-^)* ind^;| B'9 



E m(5-i)* resg-indj- 

g€di{G,P,K) " 
be the isomorphism in AiQ.Gj determined by the natural isomorphism 

(3.10) resg' fh{g-^)* ^ fh{g-^)* res J'' 

of Lemma 1.7. Now, since B is an object in CL it follows that = BjS is a finite direct 
sum of character sheaves. Recall that = G^g^. By Lemma 3.4 (MacKey's formula for 
character sheaves) we have an isomorphism 



(3.11) 

which defines 
(3.12) 



res^*'' ind?'" ^ 



V m(«-^)*ind?^^" res"^'"^ B'9. 

/ ^ Cr .gu Cr .gu 



G,9 



E rn{9-')t rcs.,<,, indf- B^9 
gedi(G,P,K) 



E 

gedi{G,P,l 



rn{9 ')i Euedf^.{G,P,K)rn{u ^Tj^'^'^gZ ^^^gI^ ^'"^ 
) - 

(Here we have used the notation of Lemma 3.2.) Let 
(3.13) 



E rnig-')* ^uedU,iG,P,K)H^-')p^d^Z '^'g:. 

gedi{G,P,K) '^'^ 



a9U 
3p 



r gu 
]p 



E m((5«)-i)*ind?^^" res/"^ B^a . 

9e<ij(G,P,K) 3p 
u&d^, (G.P.K) 

be the isomorphism in determined by the natural isomorphism 
(3.14) m{g-^)* m{u-^y ^ m{{gu)-^)* . 

Since u € Gjg(oK) we have Gjg = Gjgu, it follows that the integral closure of L in Gjg is 
the integral closure of L in Gjgu, which we denote L^gv.. Moreover, since i < j we have 



G,g 
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Gi ~D Gj and Gig D Gjg. Also, Gig = Gj^, so it follows that the integral closure of L in Gf 

is the integral closure of L in Gf". Therefore, 

(3.15) 

m(M-'),*md J- res B^^ = ^ mUgu)-')* md^^: resg: B'^\ 

gedi(G,P,K) gedi(G,P,K) 
ued1^.{G,P,K) ued<l^.(G,P,K) 



By Lemma 3.2, for each g and u as above there is a unique h G dj{G, P,K) and I = lj{h) 

such that gu = hi. Thus, 

(3.16) 

m((H-')*indg- resg:: = m((W)-i)* indg- res^]^ S^'^'. 



gedj(G,P,K) 

Now, the natural isomorphism 



hedj{G,P,l 



(3.17) 
defines 



m((W)-^)* ^ fh{h-')* fh{l-') 



(3.18) 



E m((W)-^)*indg,^' resg" B^'^' 



hedj{G,P,l 



E rh{h-'r Hl-'r indg^; resg",; i?^'^^ 



hedj{G,P,t 



Lemma 1.10 gives 
(3.19) 

and therefore defines 



m(r^)* ind^^"' 



- indg;^ m{l-'r 



(3.20) 



E m(/i-i)* m(/-i)* indg,^' resg", B^'^^ 



h&dj {G,P,I 



E m(^-i)* indg,^ m(Z-i)* resp B^'^'. 



/ie(ij(G,P,]l 



Since B is an object of VL (see Definition l.ll(obj)) we have the isomorphism 



(3.21) 



res 2,,, B'^'^B^' 
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which defines 
(3.22) 



^ m{h' 



ind 



hedj{G,P,l 



Li 



hedj{G,P,K) 



indg,^ m(Z- 



hi 



Since B is weakly-equivariant (see Definition 2.6) and I G L(K), we have the isomorphism 



(3.23) 

which defines 
(3.24) 



B 



ihl 



B 



ih 



hedj{G,P,t 



indg: m(Z-i) 



-1^* resg:; B^^l 



E 

hedj{G,P,t 



m{h'^)* indg;^ B^^. 



Since this last expression is precisely, ( ind pi3)j, composing the isomorphisms of Equa- 
tions 3.9, 3.12, 3.13, 3.18, 3.20, 3.22, 3.24 defines an isomorphism 

(3.25) ( ind pB)i<j : res i<j ( ind $B)i ^ { ind 'fB)j . 

Now we must show that the family (( ind pi?)i, {md'fB)i<j)ij satisfies the condition of 
Definition l.ll(obj). Inspecting the isomorphisms appearing in the definition of ( ind $B)i<j, 
is clear that (ind pi?) j<j = id^jj^^Gp-),, so wc turn now to the second condition in Defini- 
tion l.ll(obj). Let i, j and k be facets of I{G,K) and consider the following diagramme. 



(3.26) 



res j<k res i<j ( ind pB) 

reSi<j<fc(md^S)f 

reSi<jt(indpB)fe — 



(mdgS)i<fe 



les j <ki ind pB)j 



^(ind^B)fc 

In order to see that this diagramme commutes, it is sufficient to observe that each isomor- 
phism appearing in the definition of ( ind pi?)j<j (and ( ind pi?)j<,t and ( ind pi3)j<^.) is 
compatible with the restriction functors of Section 1.4. Fortunately, this work has already 
been done in various lemmata, in anticipation of this need: for isomorphism 1. of Equa- 
tion 3.9 use Lemma 1.7; for isomorphism 2. of Equation 3.12 use Lemma 3.4 and Lemma 3.2 



(to see that df. 



d,:g ■ 



); for isomorphism 3. of Equation 3.13 use Lemma 1.7; for 



isomorphism 4. of Equation 3.18 use Lemma 1.7; for isomorphism 5. of Equation 3.20 
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use Lemma 1.10; for isomorphism 6. of Equation 3.22 use Definition l.ll(obj); for iso- 
morphism 7. of Equation 3.24 use Definition 2.6. Each of these arguments makes use of 
Proposition 1.5! □ 

3.4. Transitive parabolic induction. Recall the notation of Proposition 2.2. 

Proposition 3.6. Let P be a parabolic subgroup of G with Levi component L. Let Q be a 
parabolic subgroup of L with Levi component M. Let R be a parabolic subgroup of G with 
Levi component M. If C & objCG is weakly- equivariant then 

(3.27) ind^ ind^C ^ indgC. 

Proof. To simplify notation, let B = ind qC and let A = indpB. We fix a facet i of 
I{G,K). Then 

J2 H^-'Ti ind J; % 

xedi{G,P,K) 

xedi(G,P,K) ^ yedix^{L,Q,K) ^ 

Since L,|, = L^^ and y e L{K), it follows that Lix^y = U'^y = L^xy. Since T C M C L, the 
schematic closure of M in L^xv is equal to the schematic closure of M in Gixy, and we have 
Lix^y = Lf:y and M^j^^^y = Mjxy. Using Lemma 1.10 we now have 

E?fi(a;~^)* indf''^ rh(y~^)*x ind^'^^ C(Ax\y 

xedi{G,P,K) ^ yedix^{L,Q,K) 

y m(x-^)* ind J'- fn(y~% ind^^Q.v 

xedi(a,p,'K) ^ Q 

yed-x (L,Q,K) 



L 



y m(x-i)* fh{y-% ind^;^"" ind > 

/ > ^ '^L P^xy Q^xy '■Q 

xedi(G,p,K) P Q 



yed.x (L,Q,\ 



xedi{G,P,K) *Q 
yed-x (i,Q,K) 

Using Propositions [Lus85, 4.2], [Lus85, 4.8(b)] and [Lus85, 2.18(a)] we have 
(3.28) ind?'"^ ind >'Qx^ = ind^'^^C,-.!/. 

^ ' Pjxy Q.xy l-Q H-xy «Q 
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Since Iq = , we have 

(3.29) (ind^ ind^C)i= J] m((xy)-i)| md|;^Q... 

J/edjX (i,Q,IK) 

Now, the canonical surjection from Di{G, R, K) — > Di{G, P, K) defines a surjection di{G, R, K) 
di{G, P,M.); the pre-image of x in dj(G, P, K) is exactly di^ {L,Q,M.). For each pair {x,y) 
in Equation 3.29 there is a unique z in di{G, R,K) such that = hzm for /i in Gj(oK) 
and m G M(K). Thus, = i%m and 



a!Sdj(G,P,K) 
J/ed^x (i,Q,K) 



^ ffi{{hzm) indg^^-Qi^^ 
= m(/i"^)*m(z"^)*m(m"^)*indf'^'" Cjf,^ 

5^ fn{h-'rm{z-'rmdf^"Vi^^. 

z£di{G,R,K) '-^ 

Since C G objPM and /i G Gi(oK) we have 

^ m(/i-^)*m(z-^)*indg; 

zedi(G,R,K) 

= (indgC),. 
In summary, we have shown that 

(3.30) (ind^ ind^C), ^ (indgC)^. 

Now, as i ranges over all facets of I(G,M.) these isomorphisms define an isomorphism in 
CG (details omitted). □ 

3.5. Admissible coefHcient systems. Wc now come to the main definition of Section 3. 

Definition 3.7. An irreducible admissible coefficient system for G is a simple object of 
CG which is a summand of ind pG in CG for some parabolic subgroup P C G with Levi 
component L and some cuspidal coefficient system C for L (see Definition 2.8). We write 
AG for the set of irreducible admissible objects in CG. An admissible coefficient system 
for G is an object of CG which is a finite direct sum of irreducible admissible coefficient 
systems. 
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Remark 3.8. Observe that any cuspidal coefficient system (see Definition 2.8) is an irre- 
ducible admissible coefficient system; thus, A^^^G C AG. 

The adjective 'admissible' is surely one of the most over-used in mathematics, and our 
use of it here suggests a lack of imagination. However, as we shall show in Section 5, 
since our admissible coefficient systems form a bridge between certain admissible perverse 
sheaves and certain admissible representations, we have elected to use the adjective here 
also. Nevertheless, a word of caution is in order: admissible perverse sheaves are, by 
definition, irreducible, while our admissible coefficient systems are not. 

Examples of admissible coefficient systems are provided in Section 6. 

4. Enters Frobenius 

Let Ki be a p-adic field, let Ok-^ be the ring of integers of Ki and let denote the residue 
field for Ki. Let K^*" be a maximal unramified extension of Ki and let Fg be the residue field 
for K'l'^. As in Section 3 we note that IK^*^ is strictly henselian and that Fg is an algebraic 
closure of F^, which is a finite field. Fix an isomorphism Gal(IC"''/Ki) = Gal(Fg/Fq); this 
determines a 'lift' friCj G Gal(]K"''/]Ki) of the geometric Frobenius Frp^ G Gal(Fg/Fg). 

Let Gki be a connected reductive linear algebraic group over Ki such that 

(4.1) G:=Gk, Xspec(Ki)Spec(Kr) 

satisfies the conditions of Section 1. Then G is a connected reductive split linear algebraic 

group over K"'' which is defined over Ki. In particular, since G is split it follows that 
splits over an unramified extension of Ki. Let G(IKi) denote the group of Ki-rational 
points on G. 

Since G is defined over Ki, the Galois group Gal(]K"''/Ki) acts on /(G, IK"''), and 

(4.2) I{G, Ki) = I{G, K',^^)Gai(Kr/Ki)^ 
where I{G,Ki) is the Bruhat-Tits building for G{Ki). 

4.1. Frobenius-stable coefficient systems. Let i be any facet of /(G, K^'') and let G, be 
the associated Ojcy -scheme, as in Section 1.2, and let Gfr(j) be the OKy-scheme associated 
to fr(i). The geometric Frobenius frjCi : IK^'" K"*" defines a isomorphism fr^ : Gj Gfi.(j) 
of K"''-schemes which restricts to an isomorphism of special fibres, and factors through the 
reduction quotient maps to an isomorphism of reductive quotients Prj : Gj — > Gfr(i). Let 
Pr* : D^(Gfr(j);Q£) ^ D^^{Gi;Qi) be the derived functor. 

Lemma 4.1. Let i, j and k be facets o//(G, K™') with i < j < k. Then there is an 
isomorphism of functors 

res-<j- : msi<j Fr* Fr* resfr(i)<fr(j) 
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reSj<fereSi<jPr* 

resj<fcresf<^. 

reSj<fcPr* reSfr(j)<fr(j) 

res fr(j)<fr(fc) reSfr(j)<fr(j) 



reSi<j<fcPrJ 



'^^lT{i)<lr(j)<(T(k) 



Frfc res fr(i)<fr(fe) 



commutes. 



Proof. The proof of Lemma 4.1 follows the lines of the proofs of Lemmas 1.6 and 1.7. In 
particular, the isomorphism res[<j is defined by the base-change homomorphism and the 
natural isomorphisms resulting from the construction of the derived functors Pr*, s*<j and 
ri<j,. The proof of the lemma then follows from [SGA4, Expose XVII, §5.2]. □ 

Proposition 4.2. There is a unique canonical functor fr* : T>G such that {h*A)i = 

Fr^ Afr(j) for each object A of CG and for each facet i of I{G, K). 

Proof. The promised functor is given as follows. For A G objPG and cf) G mor'DG, and for 
any facet i and j of I{G,KY) such that i < j, define 



define 



and define 



(frM), := Pr* 



{ir*A)i<j := Fr* ^fr(i)<fr(j) o res f^jA^^^i^ 



To show that ii*A is an object of VG when A is an object of VG, we must turn again 
to Definition l.ll(obj). Prom the definition of Tesf^j in the proof of Lemma 4.1 (and the 



{ir*(p)i := Fr* (pfrU). 

of VG when ^ 
definition of i 

fact that resi<j = id) it is clear that res^<jAfr( 

= Ft*M 
= Fr* idA 



id 



Fr{j)*Af,(,)- 



Thus, 



ifv*A)i<i = Fr* ^fi.(i)<fr(i) o resf<^Fr*Afj.(j) 



id 



(fr*A)r 

Having shown that h*A satisfies the first condition set out in Definition l.ll(obj), we now 
turn to the second part of Definition l.ll(obj). Suppose i, j and k are facets of I{G,K) 
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with i < j < k. We must now show that the following diagramme commutes. 
(4.3) 



resj<feresj<j(fr A)i ^ reSj<fe(tr A)j 



reSi<j<fc(fr*A)j<3- 

resi<fe(fr*yl)i 



(fr*A), 



<k 



To that end, consider the diagramme below, in which the outer square is Diagramme 4.3. 
(To save space we have written reSj^|*.^^ for reSfp(j)<fr(j) and -^fji^^ for >lfr(i)<fr(j), etc..) 



res^res}Pr*^fr(i) 



F4resEJfc5res;^gAfr(i) 



restPr*ylfr(j) 



To show that fr*^ satisfies the second condition appearing in Definition l.ll(obj) we must 
show that the outer square commutes in Diagramme 4.3. The inner square is the result 
of applying the functor Fr^ to the commuting square appearing in Definition l.ll(obj) 
applied to Afr(j), and is therefore commutative. The arrow marked 1. is the identity. 
The arrow marked 2. is res^^<^Afr(j), so the right-hand square commutes by virtue of 
the definition of (fr*A)j<fc; likewise, the arrow marked 3. is res ^^j^.^fr(j) , so the bot- 
tom square commutes by virtue of the definition of {iT*A)j<k- The arrow marked 4. is 
^^^jxfc '^^^fr(«)<fr(i)^fi'(«) ° j<fe res -^^ylfri^j) and the top and left-hand squares commute 
by Lemma 4.4. This concludes the demonstration that fr*^ is an object in T)G. 

Suppose <p : A ^ B is a morphism in VG. In order to show that fr*^ is a morphism in 
VG we must show that the following diagramme commutes. 



(4.4) 



res j<j (fr*</>)j 

resi<j(fr*^)i = ^ resi<j(fr*5)i 



(fr*A)i<,. 
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Consider the following diagramme, in which the outer square is Diagramme 4.4. (To save 
space we have written res[]^|*.'!| for resfi.(i)<fr(j) and ^fr(j) for >lfr(i)<fr(j), etc... , as above.) 



reSi<jFr*Af,(j) 



Pr^ res fr(i)<fr(j)^fr(i) ^ Pfj res fr(i)<fr(j)-Bfr(i) 



reSi<jFr*Sf,(i) 



Fr*Afr(^-) 



The arrow marked 0. is Fr* resfr(i)<fr(j)^!'fr(i), the arrow marked 1. is Fr*i3fj.(j)<f].(j) and 
the arrow marked 2. is Fr^^fi.(j)<fr(j); thus, the bottom square is the result of applying the 
functor Fr* to the relevant form of the commuting square appearing in Definition l.ll(mor), 
and therefore commutes since (f> is a morphism in VG. The arrow marked 3. is res^<j^fi.(j) 
and the arrow marked 3. is res .Bfj.(j) , so the upper square commutes because res^^^- 
is a natural transformation. The left-hand triangle commutes by virtue of the definition 
of {h*A)i<j and likewise the right-hand triangle commutes by virtue of the definition of 
(fr*i?)j<j. Therefore, the outer square commutes. This concludes the demonstration that 
fr*(/) is a morphism in "DG. □ 

Definition 4.3. An object A of the category "DG is frobenius- stable if there is an isomor- 
phism a : fr*^ — > ^ in category "DG. 

Lemma 4.4. Lett and j be facets of I {G^W^') withi<j. Let g bean element of G{KY). 
Then 



ind i<j Fij ^ Prj indfr(j)<fr(j). 



and 



fh{g)* - FV* m(fr(5))|^(.). 
4.2. Parabolic restriction and frobenius. 



Definition 4.5. Let C be a subgroup. Here, Ljki, and the inclusion are all 
over Ki . We say that C is an unramified twisted-Levi subgroup if there is a finite 
extension K.i' : Ki contained in such that L^^i C G^^' is a Levi subgroup. Note that 
this implies that there is a parabolic subgroup P defined over Ki' such that L^^i is the 
maximal reductive quotient of Pki'- 



Note that an unramified twisted-Levi subgroup is not, in general, a Levi subgroup; 
rather, an unramified twisted-Levi subgroup is a form of a Levi subgroup. 

Proposition 4.6. Let P be a parabolic subgroup of G with Levi component L. Suppose 
L is defined over Ki and Lk^ Q Gki is an unramified twisted-Levi subgroup. Let A be an 
object ofVG. If A is frobenius- stable then resp^ is also frobenius-stable. 
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Proof. Let a : fT*A — > A be an isomorphism in category VG. Recall the definition of res pc/) 
(sec Proposition 2.1). Lemma 4.4 shows that res pO; is an isomorphism and therefore that 



4.3. Cuspidal coefRcient systems revisited. In this section we briefly revisit Sec- 
tion 2.3 and adapt Definition 2.8 and Theorem 2.11 to the present context. 

Let iQ be a vertex of I{G,Ki) and let be a cuspidal character sheaf for Gi^ equipped 
with an isomorphism : Fr*^F F in D^{Gig;Qe). Then there is an object B and 
isomorphism f3 : fr^^i? B m CG such that B^^ = F, f3^^ = (p. The proof follows the lines 
of the proof of Proposition 2.9. For any vertex i of /(G, Ki), cuspidal character sheaf F 
on Gi and isomorphism (p : Ft^F F, we will write cindg.F and cindg i^ for the object 
and morphism in CG promised above. Suppose C is a cuspidal coefficient system for G 
and frobenius-stable. Then there is a vertex zq of /(G, Ki) and a frobenius-stable cuspidal 
character sheaf F for Gi„ such that C = cind^ F. The proof follows the lines of the proof 
of Theorem 2.11. 



4.4. Parabolic induction and frobenius. 

Proposition 4.7. Let P be a parabolic subgroup of G with Levi component L. Suppose 
L is defined over Ki and Lkj C Gki is an unramified-twisted Levi subgroup. If B is a 
cuspidal coefficient system for L then 



Proof. Let i be a facet of /(G, K"'') and consider (indp fr^S)^. Using Proposition 3.5 and 
Proposition 4.2 we have 



res pA is frobenius-stable. 



□ 



(4.5) 



ind^ irlB ^ fr^ ind^5. 



{md'fivlB)i 



E 



mig-'r indjj (fr^fi),^, 

^p 

fn{g-'r indf; (frlB),,^,.^^ 
rn{g-'r ind|; FV*. B^^^y.,,,, 




gedi{G,P,-K.Y) 
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since L is defined over Ki. Now,using Lemma 4.4 we have 

E ^i9-'r ind J- Fr*^ B^^^^,,,, 

y Pr* 7n(fr(5)-i)* ind J'^^'"' 5, 



If Pig C Gjg is projective then -Pfr(i)fr(g) C Gfi.(i)fr(g) is projective, since L is a Ki-scheme, so 
ii^g) represents an element of -Df].(j)(G, P, K"^) (see Definition 3.1). Accordingly, there 
is some h G Gfr(j)(oKy) and I G L{KY) such that fT{g) = hg'l, for a unique g' G 
dfT{i)(.G,P,K^'^) (see Definition 3.1 again). Thus, 



Pr* J: fnMgrr ^nd'^''^^ B^^^^^.,,, 

= JV* J] m(/.-i)*m(5'-^)*m(/-i)*indJ^^«-; B^^^^,,^ 
s'edfr(i)(G,p,Ky) fr(»)p' 

= Pr* Yl m(/.-i)*m(5'-^)*indJ^'««>(Z-i)*S^^(.^,,^ 
ff'edfr(i)(G,p,Ky'-) f'-(')p 

= Fr* Y fn{h-'rmig'-'r indf^^^^; 'B^^^^,. 
s'6dfr(i)(G,p,Ky'-) f--(')p 



Since B is weakly-equivariant (c/. Definition 2.6) we have 



Fr* fn{h-'rrh{9'-'r mdj'^«;' 'B^^^^, 

9'Gdfr(,)(G,P,K5"-) f'«P 

- FV: 5^ m(/i-^)*m(5'-^)* indj^^^j; B^^^^,. 
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Since B is cuspidal (c/. Definition 2.8) we have 



<;'erffr(i)(G,p,K5"-) 



\3' 

'fr(i)l. 

Fr*(ind^i?)fr(i 



fr(i) 



= (fr*ind)55)i. 

The isomorphism of Proposition 4.7 is now found by arguments similar to those employed 
in the proof of Proposition 3.5. □ 

Corollary 4.8. Let P he a parabolic subgroup of G with Levi component L. Suppose L 
is defined over Ki and Lkj Q Gki is an unramified twisted-Levi subgroup. Let B be an 

— ^ 

weakly-equivariant object equipped with an isomorphism P : iij^B B in CL. Then ind^/3 
defines an isomorphism fr^indpfi indp5 in CO. 

Proof. Let A = inApB and let a = indp/3. Since [3 : ir^B 5 is an isomorphism in CL, 
and since parabolic induction is a functor, it follows that a is an isomorphism. However, 
the domain of a is indpfr^Z?, rather than fr^ind pi?. Corollary 4.8 now follows directly 
from Proposition 4.7. □ 



5. SUPERCUSPIDAL DEPTH-ZERO REPRESENTATIONS 

Let the field extensions K"*" : Ki and : be as in Section 4; likewise, let be a 
connected unramified linear algebraic group over Ki and let G denoted the group scheme 
over Wy" obtained by extension of scalar s, as in Section 4. 

Suppose now that i is fixed by the Galois action on the building. Using the principle of 
etale descent we see that there is a smooth group scheme Gj/pj^^ over such that: Gijo^^ 
is an integral model of Gkj equipped with a -rational structure, compatible with the 
isomorphism of generic fibres, and such that Gj/ojj^ (oki) = G(Ki)j (c/. [Lan96, 10.10]). 

The special fibre Gj/jr^ of Gi/g^^ is a linear algebraic group and it defines a Fg-rational 

structure for Gj. Moreover, there is a maximal reductive quotient I'i/f^ : Gi/Wq ~^ ^i/¥q 
(cf. Section 1.2) and it defines a Fg-rational structure for Gj. Let p^/Ki ■ Gi(oKi) — >■ Gi(F^) 
be the canonical quotient (c/. Section 1.2). 

5.1. Characteristic functions. Let A be a frobenius-stablc coefficient system for G and 
let a : fr^^ ^ yl be an isomorphism in CG. For each facet i of /(G, K™'), a defines an 
isomorphism ccj : fr*^fr(j) — > Ai in category D^{Gi;Q(). If i is actually a facet of 7(G, Ki) 
(so fr(i) = i) then Ai G D^{Gi;Qi) is frobcnius-stable in the usual sense; in that case, 
let XAi,ai '■ Gi{¥q) —I- Qi be the characteristic function associated to the pair {Ai,ai) {cf. 
[Lus85, 8.4], for example). 
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Proposition 5.1. Let A he a weakly-equivariant coefficient system for G and let a : iT*A — > 
A be an isomorphism in CO. If i is a facet of I{G,Ki) then 

(5-1) Vx G Gj(0]Ki), XAgi,agi{pgi{gxg'''^)) = XAi,ai{pi{x)), 

for allgeG{Ki). 

Let C be a twisted-Levi subgroup; so L := Xspec(Ki) Spec(K"^) is a Levi 
subgroup of G := Xspcc{Ki) Spec (K"''). Let P be a parabolic subgroup of G with 
Levi component L. Let i? be a frobenius-stable weakly-equivariant coefficient system for 
L equipped with (3 : ir*B B and let A = ind pi? equipped with a : ir*A — > ^ as in 
Corollary 4.8. For any_ facet i of I{G,Wl'') and g G di{G, P,Wl'') let Ai{g) denote the 
summand of Ai in D^{Gi; Q^) given by 

(5.2) A{g) ■.= m{9''ri mdfj 5,.. 

We will need the following result concerning characteristic functions of induced objects 
in the proof of Theorem 5.4. 

Proposition 5.2. With notation as above, suppose i is a facet ofI{G, Ki) and let di{G, L, Ki) 
denote the set of g E P, K"'') (cf. Definition 3.1) such that Gig is defined over Oki- 
Then 

(5-3) Vx G Gi(Fg), XAi,ai{x) = XAi{g),ai{g){x), 

g&di(G,P,Ki) 

where the right-hand side is trivial if di{G, L,Ki) is empty. 

Proof. 11 g is an element of di{G, P, Ki) then Ai[g) is itself frobenius-stable; more precisely, 
the restriction of aj to Fr* Ai{g), which we denote ai{g), is an isomorphism onto Ai{g). It 
follows that 

(5.4) Yl Mg) 

g<=di{G,P,¥^i) 

is a frobenius-stable summand of Ai. For any g G di{G, P,Wl'^') we have b{g) = hg'l for a 
unique g' G di{G, L,K'{'') with h G ^^(ok^"-) and I G L{W"') {of proof of Proposition 4.7). 
Suppose g G P, K^'') and g ^ di{G,P,Ki). Then Gig{¥q) = 0. There are two 

cases to consider: either g' = g or g' g. In the first case, Ai{g) is a frobenius-stable 
summand of Ai with XAi(g),ai(g) = Oi with ai{g) as above; it follows that the sum of such 
Ai{g) is a frobenius-stable summand of Ai with trivial characteristic function. The sum 
of the objects Ai{g) with g in the second case is also a frobenius-stable summand of Ai 
with trivial characteristic function. However, in this case the summands Ai[g) are not 
themselves frobenius-stable. In summary, we have 

(5-5) VxGGi(Fg), XAi,aii^)= Yl XAi(g),ai(g)ix), 

gGdi(G,P,Ki) 

where the right-hand side is trivial if di{G,P,Ki) is empty, as desired. □ 
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5.2. Models for representations. Let tt : G{Ki) — > EndQ^{V) be an admissible rep- 
resentation. For each facet i of the building Ki), let Vi denote the Q^-vector space 
consisting of all v E V for which Tr{h)v = v for each h € Gj(oK5"-) ^^^^ that Pi/Ki{h) = 1. 
We let 

(5.6) TTi ■■ G'i(oKi) EndQ^iVi), 

denote the compact restriction of tt at i; that is to say, we let tTj denote the representation 
of the group Gi(oKi) on Vi defined by 'Ki{h)v = Tr{h)v for h G Gj(oiKi) and v e Vi. We 
note that, for each x € i, the group G(Ki)i equals G(Ki)xfi, where the latter is defined 
in [MP96]. Moreover, the group of all h S Gi(Ki) such that pi/Kiih) = 1 is exactly the 
group G(IfCi)^o+> for X € i (c/. [MP96] also). By [Vig97, Propn 1.1], G{Ki)^^o+ equals 

Ux^\ where the latter is defined in [SS97]. Thus the set of Q^- vector spaces 

(5.7) 70 (F) = {Vi\i facet of /(G, Ki)} , 

equipped with inclusions Vj ^ Vi for i < j, forms a G(IECi)-equivariant coefficient system 
of Q^-vector spaces, in the sense of [SS97]. 

Now suppose TT is a depth-zero supcrcuspidal representation. Then, for each facet i of 
I{G, Ki), the compact restriction tTj factors through Pj/Ki to a representation 

(5.8) Tfi :Gi(F,)^EndQ^(yO; 

that is, Tfj = TTj o Pi/^^. If TT is non-trivial, then, by the definition of depth-zero representa- 
tions, the coefficient system 70 (^) is non-trivial; in fact there is some vertex Iq of /(G, IKi) 
such that Vig ^ 0. 

Definition 5.3. Let ICG denote the subgroup of the Grothendieck group for VG generated 
by admissible coefficient systems for G {of. Definition 3.7). Let tt : G{Ki) AutQ^(F) 
be a depth-zero admissible representation. A model for tt is an element X^n^'^C^™] 
iCG Q.E where each is equipped with an isomorphism a" : h*A^ A" (so is 
frobenius-stable) such that 

(5.9) Va; G Gi(Fq), ^ a„XA« afi(a;) = trace7fj(a;), 

n 

for each facet i of 7(G, Ki). 

Theorem 5.4. Supercuspidal depth-zero representations admit models; that is, for each 
supercuspidal depth-zero representation tt o/G(]Ki) there is a some ^n^nl-^"'] G ^G(8)zQ^ 
and isomorphisms a" : fr*^" — > A^ such that 

(5.10) Va; G Gi{¥q), ^ anXAf,a^{x) = trace7fi(a;), 

n 

for each facet i of I{G, Ki). 

Proof. Let vr : G(]Ki) AutQ^(y) be an irreducible supercuspidal representation. Since 
TT has depth-zero, there is a vertex zq of /(G,K.i) such that (Gio(oKi), tTiq) is a type of tt. 



50 



ANNE-MARIE AUBERT AND CLIFTON CUNNINGHAM 



Moreover, since tt is irreducible, we have tt j = unless i is contained in the -orbit of 

iQ in I{G,Ki). By [Lus85, 25.1] and [Lus85, (10.4.5)], we may write 

(5.11) trace 7f jo =^o„x. ^Gio^ . Sio , 

where the sum is taken over cuspidal pairs (Af„,i^„) for Gjg (as defined in [Lus84, 2.4]) 
such that Mn is defined over Fg and where F„ is equipped with a fixed isomorphism 
ifn ■ F^M Fn- Since vfjo is cuspidal, the scalars a„ are zero except when M„ is 

G G 

anisotropic over Fg (c/. [Lus85, (15.2.1)]). We define En = indjJ^F„ and e„ = indjj°(^„. 

Let be a maximal IKj^^-split torus in G, defined over Ki, such that the associated 
apartment contains a-nd such that the image of T"'(]K"^) n GjQ(oK^) in Mn is the group 
of Fg-rational points of an elliptic torus of M„ (the existence of T" is guaranteed by [BT84, 
end of the proof of prop. 5.1.10]). The torus T" is elliptic. Thus, the centralizer of 
T" in G is an elliptic Levi subgroup defined over Ki such that the image of /(L^jlKi) 
under /(L",!^^") ^ /(G,IfC;"') is {io}, and Zj; = M„. Now L||^ is an elliptic unramified 
twisted-Levi subgroup of Gki • Let be a parabolic subgroup of G with Levi component 
L- = L|^ Xspe,(K,) Spec(Kr)- 

Using Section 4.3, set 

(5.12) B'* = cind^"F„ and = cindf^ f^^. 



Then 



(5.13) Bl=Fn and ^ = ^n- 
Define 

(5.14) A"=ind^B''. 
Let 

(5.15) a" : frM" ^ A" 

be the isomorphism given by Corollary 4.8. In order to prove Theorem 5.4 we now show 
that 

(5.16) Va; € G'i(Fg), ^anXA^,a'l{x) = trace7fi(x), 

n 

for each facet i of 7(G, Ki). 

Consider the case i = iq. Notice that since iq is contained in the image of the map 
from I{L"',KY) to I{G,K"^), it follows that the schematic closure of in Gi^ is L^. If 
g G di(,(G, P^jKi) then Gi^g is defined over Ki, so the schematic closure of L" in Gi^g 
is a parahoric subgroup of defined over Ki. Since L|^^ is elliptic there is exactly one 
such parahoric subgroup, namely L^^, and (ij(,(G, P", Ki) is a singleton. Thus, g and 1 
represent the same double coset in ^^^(G, L", K"*") (c/. Definition 3.1), so g = hi for some 
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h e Gi(oKy) and I G Using Lemma 4.4 we have 

(»0)pn 

= fh{h-^r indjl°m(ri); Bi,i 

Moreover, since B is a weakly-equivariant object of CL" and h G GiQ{o^Y) have canon- 
ical isomorphisms 



rn{h-^Y indf^Bi, ^ fn{h)l mdf° B^ ^ mdf° B^. 

Finally, since 

(5.17) = LI = M„, 

we have 

indf^ i?ro= indS: ^n = ^n, 

by Equation 5.13. Since the isomorphisms just used are exactly those appearing in the 
definition of (c/. Corollary 4.8), together with Proposition 5.2 we have 

(5-18) yxeGi,{¥g), XA",a" (x) = XB„,.„(a:). 

By Equation 5.11 we now have 

(5.19) VxGG,„(F,), Yl 

O-nXAf ,af {^) — trace TTjg (x). 

n 

This verifies Equation 5.16 in this case. Proposition 5.1 extends Equation 5.19, mut. mut, 
to all i in the G(]Ki)-orbit of iq. 

If i is a facet of I{G,Ki) which does not lie in the G(Ki)-orbit of io then di{G, ,Ki) 
is empty, again since LJ^ is an elliptic twisted-Levi subgroup of Gkj, so Proposition 5.2 

gives 

(5.20) VxGG,(F,), XAf,afix) = 0. 

Gathering Equations 5.11, 5.19 and 5.20 gives Equation 5.16 in this case also. 

Finally, consider the Q^-vector space formed by taking the tensor product of the sub- 
group /Co(Gi(,) of the Grothcndicck group of perverse sheaves on Gj,, generated by character 
sheaves of Gjg with (c/. [Lus85, 14.10]). Then o-rJ-E'n] (summation as in Equa- 
tion 5.11) is an element of /Co(G'io) 01 Qe- Now, Equation 5.16 shows that X^„an[^"]) 
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equipped with the isomorphisms a", is a model for tt, which completes the proof of Theo- 
rem 5.4. □ 

5.3. Distributions associated to admissible coefficient systems. 

Definition 5.5. Let G(]Ki)er denote the set of elliptic regular elements of Let A 

be an admissible coefficient system for G which is frobenius-stable with respect to a and 
weakly-equi variant. Let XA,a '■ G(]Ki)er Qt be the function defined by 

(5.21) xaA9) ■■= E i-lf'^'XA^aMd)). 

{iG/(G,Ki)|aGGi(0Ki)} 

We will refer to XA,a as the character of A. 

Theorem 5.6. Let vr : AntQ^{V) be a, depth-zero admissible representation and 

let be the character of n in the sense of Harish- Chandra. Let A be a model for tt. Then 

(5.22) e,(5) = XA,a{9), 
for allg € G(]Ki)er. 

Proof. Since vr is a depth-zero representation, there is a vertex of I{G, Ki) such that the 
G(]Ki)-algebra V is generated by Vi^. Thus, V is an object in category Alg^ G(K'"') (cf. 
[SS97]). Now [SS97, IIL4.10] and [SS97, IIL4.16] extend to any quasi-split reductive linear 
algebraic group (c/. [Cou03, Cor. 3. 33]) so 

(5.23) e^{g)= E i-lf'^hv8.ce{g,Vi). 

ieI{G,Ki), geGi{0Kj^) 

For g € Crj(oKi), the trace trace {g,Vi) is the character of vfj. By Definition 5.3 we have 
trace {g,Vi) 

— XAi,ai{Pi{9))j which concludes the demonstration. □ 

6. Examples 

Let Ki and K^^ be as in Section 5. 

6.L SL(2). Let = SL(2)ki. We now describe all frobenius-stable cuspidal coefficient 
systems for each unramified twisted-Levi subgroup of Gki- Table 1 records models for 
all irreducible depth-zero supercuspidal representations of SL(2,]Ki); in this section we 
describe the terms used in Table 1. 

Up to conjugation over IKi, there are four unramified twisted-Levi subgroups of Gki: 
the split torus , two unramified elliptic tori and T^^ , and the group Gki itself. 

• Consider the split torus 



'S'lCi 



si 

S2 



SlS2 



Set S = K^^. All frobenius-stable cuspidal coefficient systems for S take 

the form cind|^^^ i2e [1] , where Cg indicates a Kummer system on S'(o) = GL(1)|.^ 
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Table 1. Models for depth-zero supercuspidal representations of SL(2,]Ki) 
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Representation 


Model 


TTe 


-Be 




~ j-Sggn + J (C^ — C ) 


7r_ 




< 








^0 





equipped with an isomorphism Pr*£e Cg such that the characteristic function of 
Cq equals the character 9 of GL{l,¥q). Define 

A{9) := indfcind|^ 
Using Definition 2.8 and Proposition 3.5 we see that 

A(^?)(o) = indj<°'£,[l] 

^W(oi) = £0[l]©m(s(i))^oi')'^eW 
A{e\,) = ind|^^'£,[l] 

Observe that G(oi) = G^qi') = ^(0)- The object A{9) is simple in CG unless 9'^ = 1; 
thus, in that case, A{9) is an admissible coefficient system. 
• All frobenius-stable cuspidal coefficient systems for 

where e G is a fixed quadratic residue and a unit in Ok^, take the form 
cind^^^^£5i[l], where ^ is a character of the finite group T'(o)(Fg). Define 

B{9) := ind^cind^^^^>C0[l]. 

The object B{9), equipped with an isomorphism f]{9) : fT*B{9) B{9) induced 
from (f)e : ¥t*Cq Cq, provides our first non-trivial example of the phenomenon 
described in Proposition 5.2. From Definition 2.8 and the definition of parabolic 
induction on objects (c/. Proposition 3.5) we have 

S(e)(0) = md|°^'£,[l] 

B{9\,) = m(z-i)^i)ind|^^>;£e[l], 
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where T^^ = S^_^ and where is a representative for the non-trivial element in the 
Weyl group for S. (Recall that S is split.) Here, z is an element of G{Ki'), where 
IKi' is a quadratic extension of Ki, not an element of which represents a 

class in if-^(S'Ki, Gal(K."'"/]Ki)); other words, we view Tj^^ as a twist of S and 
represent that twist by conjugation by z~^. Now, from Proposition 4.2 and the 
definition of parabolic induction on maps (c/. Proposition 3.5) we have 

P{9\o) = indJ^'°Ve[l] 



Therefore 



(0) -"(0) 

XB(f)(oi),/3W(oi) = 

XB(e)(i), /3(e)(1) = 0- 
• Likewise, all frobenius-stable cuspidal coefficient systems for 



X y 
ewy X 



2 2 1 

X — ey = 1 



where w G Ok, is a fixed uniformizer for IKi, take the form cind^/ >Ce[ll, where 

-'(1) 

is a character of the finite group T^'^^(Fg). Define 

B{ey := md^,dnd^',^^Ce[l]. 

The object B{9)' , equipped with an isomorphism I3{6)' : iT*B[9) B{9)' induced 
from (j)0 : ¥i* Cg C$ provides another example of the phenomenon described in 
Proposition 5.2. Prom Definition 2.8 and the definition of parabolic induction on 
objects (c/. Proposition 3.5) we have 

B{e)[,) = m(^-^)^o)indJr/:,[l] 

Bie)[,^ = indj^^)£,[l], 

where T-^^ = S^_^ and where w is a representative for the non-trivial element in the 

Weyl group for S as above. Note that v is an element of G{W^'^2)i '^''^ element of 
G(Ki), which represents a class in {S^n Gal(K.'^'^ fKi)) . As above, from Propo- 
sition 4.2 and the definition of parabolic induction on maps (c/. Proposition 3.5) it 
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follows that 



m'm = mdJ^Ve[l]. 



Therefore, 



^^(^)'(0)''3(e)'(0) 


= 




= 




= X 



(1) (1) 



Finally, there are exactly four frobenius-stable cuspidal coefficient systems for 



Gki 

they are 



a b 
c d 



ad — bc= 1 



G(o) 

:= cind^ F±. 
G(i) 

The following facts are simple consequences of Definition 2.8: 

<^(01) = ^ 

Cti) = 0' 

and 

D% = 
^foi) = 
^fi) = 

We now describe all depth-zero supercuspidal representations of SL(2, Ki). Let ttq denote 
the representation obtained by compact induction from the Deligne-Lusztig representation 

-Ry°\9) of G(o)(Fg), where 9 is a character of T(^Q-^(¥q) in general position; likewise, let 

ir'g denote the representation obtained by compact induction from the Deligne-Lusztig rep- 

resentation —R^l^\0) of G(i)(F„), where is a character of T(i)/(F„) in general position. 

-'{1) 

Next, let Xo denote the two cuspidal representations appearing in the Lusztig series for 
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-^SU(i)(^Sn), where sgn is the sign character of SU(l,Fg); let 7r± denote the representa- 
tion obtained by compact induction from Xq on G(o)(^^<j) ^nd likewise let tt'^ denote the 
representation obtained by compact indTiction from Xo on G(^i^{¥q). 

Although —B{9) is a model for the depth-zero supercuspidal representation ttq (see 
Table 1) this example illustrates how not to find models for representations. Consider the 
coefficient system V for Tr$ in the sense of [SS97]. Even though ^(oi) and V^i) are both 
zero, it does not follow that S(^)(oi) and B(9)(^i^ are zero. As one sees from the proof of 
Theorem 5.4, to make a model for a representation it is necessary to identify a type for 

that representation. Observe that (G(o)(oki), —Rj,^^^ {9}) is a type for irg and that 



G 



(6.1) -tTSiceR^'-°>{9) = x 



We remark that {7r+, tt^ , 7r_ , 7r^_ } is an L-packet and that {tt{9),tt'{9)} is also an L-packet 
when 9 is in general position. 



6.2. Sp(4). Let G^i = Sp(4)ki. We now describe all frobenius-stable cuspidal coefficient 
systems for each unramified twisted-Levi subgroup of Gki, as in Example 6.1. Using [Sri68] 
and [Sri94] we produce models for all supercuspidal depth-zero representations Sp(4, Ki) 
and present the results in Tables 2, 3 and 4, in which C € is a primitive fourth root 
of unity such that equals the quadratic residue of —1 in Fq. We now explain the other 
terms appearing in these tables. 

To begin, we fix a representation of Sp(4). Let 9 : GL(4) — > GL(4) be the involution 
defined by 9{g) = ^g~^J, where 



(6.2) 



J = 



/ l\ 

0-10 

10 

\-l 0/ 



and let G = Sp(4) be the subvariety fixed by 9. 

We now consider cuspidal unramified twisted-Levi subgroups of Gki- Up to conjugacy, 
the group contains thirteen cuspidal unramified twisted-Levi subgroups: nine inner 
forms of the torus GL(1)ki x GL(1)ki; six inner forms of the Levi subgroup GL(1)ki x 
SL(2)k^ ; and Gki itself. The Levi subgroup GL(2)ki is not cuspidal since it does not admit 
any cuspidal coefficient systems. 

• We begin with tori in G. Consider the split torus 



(ti 0\ 

t2 

t3 

\0 tij 



tit4 = 1 

t2h = 1 
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Table 2. Models for representations induced from G(i)(oki) 



Representation 


Model 




^4(^1,^2) 


TTl 


i^4(^,sgn) 


/( 2 






i^4(sgn,sgn) 

-UB+{sgn)-B^{sgn)) 
-|(5+(sgn)-i?r(sgn)) 

+i(L'++-L>+--L>-+ + z)--) 


7r4 


i^4(sgn,sgn) 
+ HB2+(sgn)-i?2"(sgn)) 
-|(i?+(sgn)-i?r(sgn)) 
-1{D++ -D+- -D-+ + D--) 




i^4(sgn,sgn) 
+ HB2+(sgn)-i?2"(sgn)) 
+ |(B+(sgn)-i?f(sgn)) 

+ i(C++-C+_-C_+ + C__) 



Table 3. Models for representations induced from G(o)(oki) 



Representation 


Model 


TTe 


^7(^1, ^?2) 




^3(^1,^2) 


TTg 


^As{e,sgn)-^C{Bt{0)-B^{e)] 




TTg 


^A3{e,sgn) + ^C{BnO)-B^{9)] 






-i^7(l)-i^3(l)-aC 



Table 4. Models for representations induced from G(2)(c'Ki) 



Representation 


Model 


< 


^8(^1,^2) 




A,{9-u(^2) 




i^5(e,sgn)-iC(^2^W-^2"W) 




iA5{9,sgn) + ^C{Bnoy-B^m 




-lAs{l)-iA,il)-CiC' 
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Let T = Tki 

the form 



Each frobenius-stable cuspidal coefficient system for Tk^ takes 

Co{ei,e2) := cmdl^ £e,^Ce,['^], 



'{(>) 



where 9i and 62 are characters of T'(-o)(^^<?)- Here, Cq is the Frobcnius-stablc Kummer 
local system equipped with an isomorphism Fr*>Cg — > Cg such that the characteristic 
function xCe of C equals 9. Define 

ylo(^i,^2) := ind^Co(0i,^2). 

Thus, Ao{6i,62) is an object CG{Ki). If 9i and ^2 are in general position, then 
^o(^i) ^2) is simple in CG, in which case ^o(^i) ^2) is admissible (sec Definition 3.7); 
in other words, if 9i and 92 are in general position then ^0(^1)^2) is an admissible 
coefficient system. 
Next, consider torus 



-Ki 



r fx 








t2 
















ts 
X 



X — ey 

t2h = 



rpl 



nr 



Clearly, T^^ splits over a quadratic unramificd extension of Ki . Let = 
Each frobenius-stable cuspidal coefficient system for T-^^ takes the form 

Ci{9i,92) :=cind^; Ce.^CeM 

(0) 

where 9i is a character of SU(l,Fg) and 92 is a character of GL(l,Fg). Define 

^1(^1,^2) = ind^iCi(^i,^2). 

If 9 1 and 62 are in general position then ^1(61,62) is an admissible coefficient 
system. 

Next, consider the torus 

fx 

t2 
t3 

\zaey 






X 



X — ey 

t2h = 



2 = 1 
1 



This also splits over a quadratic unramified extension. Let 
Frobenius-stable depth-zero cuspidal character sheaves for take the form 



rp2 



'nr 
H ■ 



Co 



h,02 



cind!^2 Cq, 
-'(1) 



where 9i is a character of SU(l,Fg) and 92 is a character of GL(l,Fg). Define 



^2(^1,^2) = ind^.C2(f?i,^2). 

If 9i and 62 are in general position then ^2(^1,^2) is an admissible coefficient 
system. 
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Next, consider the elliptic torus 

{ ( XX yi\ 



xl - eyf 



£^2 



X2 y2 

ey2 X2 
_ \eyi xij 

Let = ^K^^ The building for r3(IC^^) in G(IC^O is {(0)} and the reductive 
quotient is T^^^ = SU(1) x SU(1). Accordingly, each frobenius-stable depth-zero 
cuspidal character sheaf for takes the form 

C3{eu02) := cind^s Ce.^CeM 

(0) 

where 6i and 62 are characters of SU(l,Fg). Define 

^3(^1,^2)= ind^3C3(ei,^2). 

If 9i and 62 are in general position then ^3(^1,^2) is an admissible coefficient 
system. 

Likewise, consider the elliptic torus 

/ Xl 





xj - eyf 

.2 ^„,2 



w-'^yi\ 

X2 2/2 

ey2 X2 X2 - ey2 

\vjeyi Xl J 

The building for T'^(Ki) in is {(!)}. Each frobenius-stable depth -zero cus- 

pidal character sheaf for Tjl^ takes the form 

^4(^1,^2) := cind^I C0,MCg,[2], 
(1) 

where 9i and 62 are characters of SU(l,Fg). Define 

^4(^1,^2) = ind^4C4(^i,6'2). 

If 9i and 62 are in general position then ^4(^1,^2) is an admissible coefficient 

system. 

• We also have the elliptic torus 

( / Xl w-^yi\ 

X2 'cu~^y2 

ro£7/2 X2 

^ \w£yi Xl J 

The building for T^{Ki) in G{Ki) is {(2)} and f^2)/¥, - SU(1)f, x SU(1)f,. Ac- 
cordingly, each frobenius-stable depth-zero cuspidal character sheaf for Tj|^ takes 



xl - eyl 
X2 ~ ^2/2 



the form 



6-5(^1,^2) := cind^s Ce.mCeM. 



(2) 
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where Oi and 62 are characters of SU(l,Fq). Define 

A5{ei,92)= indg5C5(^i,02). 

If 9i and 62 are in general position then ^5(^1,^2) is an admissible coefficient 
system. 

Next, consider the torus 

i fx 



y 

ey X 

[\0 





u 





V 



ev u 



xu — eyv = 1 
XV — yu = Q 



Xj.6 Cg[2], 
(1) 



Probenius-stable depth-zero cuspidal character sheaves for take the form 

Ce{e) := cind;^' 

where is a character of T'^Qj(Fq). Define 

If 9 is in general position then Aq{9) is an admissible coefficient system. 
Next consider the unramificd elliptic torus 

' / Xi X2 X3 Xi\ 
6X4 Xi X2 X3 

exs ex4 xi X2 
\ex2 £Xs exi x\f 

The image of 1{T\ IL^) ^ I{G, K 
cient systems for Tl take the form 



xl 



2£X2X4 + 6X3 
2 _ o^^.^_ _L 



1 




X2 — 2£XiX3 + £X^ 

is {(0)}. Probenius-stable admissible coeffi- 



> . 



Crie) := cind^;^£e[2], 



where ^ is a character of T^q^(F^). Define 

A7{9) = md^7C7{9). 

If 9 is in general position then At (9) is an admissible coefficient system. 
Finally, consider the unramified elliptic torus 

' f Xl X2 -—-1 
\wex2 vjexs 



xzw " X4ro ^\ 
-1 ^ „-i 



X2VJ 

Xl 

ex4 



X3W 

X2 
Xl 



x\ 



2ex2X4 + ex'n 



2£XiX3 + £0:4 



The image of I{T^,K^'') ^ is {(1)}. Probenius-stable admissible coeffi- 

cient systems for T^^ take the form 

Cs{9) := cind^s Ce[2], 

-'(1) 
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where is a character of T^-^^{¥q). Define 

^8(^) = ind^«C8(^). 

If 6 is in general position then Aq{6) is an admissible coefficient system. 
Let 

' /h o\ 

a 6 
c d 
\0 U/ 

Up to conjugation, the building for L(]K"'') has two polyvertices; these may be 
identified with (0) and (1) in /(G, Ki). Now L^q) and Z^j^^ are each isomorphic to 
GL(1) X SL(2), and the Probenius-stable cuspidal character sheaves on GL(1) x 
SL(2) take the form Cg M ^^[l], where is a character of GL(l,Fq) and K± is a 
cuspidal character sheaf on SL(2)p^. (See Example 6.1.) Frobenius-stable cuspidal 
character sheaves for Lw, take the form 



tit^ = 1 
ad — bc= 1 



(0) 



cindl' Cg 



(0) 



cind? £g 



(1) 



Kill] 



where is a character of GL(l,Fq). Define 

If 9 is in general position, then Bq(9) and B^(9y are admissible coefficient systems. 
Next, consider the inner form 



Observe that L^IKi) = SU(l,]ICi) x SL(2,lKi). Up to Li(Ki) conjugation, the 
building for L^(ICi) contains two polyvertices, which may be identified with (0) and 
(1) in J(G, Ki). Now -^(o)/Fg ^\\)/¥q isomorphic to SU(l)Fq x SL(2)f^, 

so we define 





(a 








h\ 


> 







X 


y 





— e-y^ = 1 


[ 







X 





ad — hc=l 




V 








d) 


> 



ctiey := 

where a is a character of SU(l,Fq^ 
BfiOy := 

If 6 is in general position, then Bf{6) and Bf{Oy are admissible coefficient systems. 



cindf 1 Ca 

^(1) 

X SL(2,Fg). Define 
ind^iCf (0) 

= ind^.cfiey. 
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Likewise, consider the elliptic unramified-Levi subgroup 



r/ 



X 




\eyw 





a 
c 




yw 



X 



J 



X - 
ad 



-be 



Up to L^(]Ki) conjugation, the building for L^(Ki) contains two polyvertices, which 
may be identified with (1) and (2) in I{G,Ki). Define 



cindfa Ce^F±[l] 



cind?2 >Cfl 



ctiey := 

where is a character of L^2)(^^g)- Define 

Bf{9) := md%Ci{e) 

1(9 is in general position, then B^{9) and Bf{6)' are admissible coefficient systems. 

Finally, we turn to the most interesting cuspidal Levi subgroup of G, which is G 
itself. A fundamental GiW"' )-dom.sin for I{G,W"') has three polyvertices, which 
we denote (0), (1) and (2), with G(o)/f, = Sp(4)f„ = SL(2)f, x SL(2)f, 

and G(2)/F = Sp(4)f,. There is exactly one cuspidal character sheaf Fq on Sp(4) 
while SL(2)p^ x SL(2)p^ admits four cuspidal character sheaves, being F± M F± 
in the notation from Example 6.1; of these, only F^ M F^ is a cuspidal unipotent 
character sheaf. Thus, by Corollary 2.12, the elements of A^^^^G-^^ are 





:= cmd% Fo 




D+ + 


:= cmd% F+ C 






:= cind^ F+ C 




D- + 


:= cind^ F_ D 

0(1) 






:= cind^ F_ D 

G(i) 




G^ 


:= cind^ Fq. 





This completes the list of all frobenius-stable cuspidal coefficient systems for each cus- 
pidal unramified twisted-Levi subgroup of Gki ■ Every depth-zero character sheaf for Gki 
is a simple summand of an object of CGki produced by parabolic induction from of the 
cuspidal coefficient systems listed above. 

Each irreducible depth-zero supercuspidal representation of G(IfCi) is equivalent to a 
representation obtained by compact induction from an irreducible cuspidal representation 
of (7(0) (IFq) or G(^i^{¥q) or (5(2) (Fg), so we begin by listing all irreducible cuspidal repre- 
sentations of these finite groups. Consider the finite group Sp(4, Fg). Using notation from 
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[Sri68] and [Sri94], each irreducible cuspidal representation of Sp(4,Fq) the appears in one 
of the following families: 

• the Deligne-Lusztig representation xi = B^^^\9) where is a character of Ti(Fg) 
in general position; 

• the Deligne-Lusztig representation X4 = RT^^^\d) where is a character of T4^{¥q) 
in general position; 

• the irreducible constituent ^21 of the Deligne-Lusztig virtual representation R^^^^ {Ox 
sgn) where is a character of SU(l,Fg) in general position and sgn is the sign char- 
acter of SU(l,Fg); 

• the other irreducible constituent ^22 of the Deligne-Lusztig virtual representation 
4f)(^xsgn); 

• the cuspidal unipotent representation ^iq. 

With these conventions, and notation from Example 6.1, every irreducible depth-zero su- 
percuspidal representation of is equivalent to one of the following: 

TTo = cIndg[^;;^^)(xoXXo) 



TTl = cInd^;^;i^^)(xoXx^) 
7r2 = cIndg[^^(;^^)(xoXXo) 

,G(Ki) 

jG(Ki) 
G(i)(okj) 

jG{Ki) 
G(i)(oki) 



.3 = cIndg;-;t.,(x^xxo- 
TT, = clndg|^;i^^)(xj xxo) 
TTs = clndgj";ji^ ,(xo xxo)- 



and 



TTe = clnd^^'*^)^ Jxi) vr^ = clnd^*''^)^ Jxi) 
TTy = clnd^ \(Yd) TTy = clnd^^'^/^ \(xa) 

(6-3) -8 = clnd;5(^|;^^)(^^2) < = cIndgp(i^^)(C^2) 

-9 = cIndgSL^)(C^i) .^ = cIndg|5i^^^(C^,) 
-10 = <^^-€X.)^0,o) <o = cIndg;^^;i^^^(^,o) 

6.3. GL(n). Let G = GL(n). By Definition 3.7, every irreducible admissible coefficient 

system is a summand of ind£C, where L is a Levi subgroup of G and C is a cuspidal 
coefficient system (c/. Definition 2.8). Therefore, the first step in describing irreducible 
admissible coefficient systems for G is to enumerate all Levi subgroups and all cuspidal 
coefficient systems on those Levi subgroups, (c/. Definition 2.13.) Every Levi subgroup 
of G is G(IfC™')-conjugatc to L— , where m = [mi,m2, ■ ■ ■ ,mt] is a partition of n and 
L— = 11^=1 By Corollary 2.12, every cuspidal coefficient system on L— is 
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isomorphic to cmd^F, where z is a vertex of the building I{U^,Wl^) and F is a cuspidal 

%_ 

character sheaf for Lp. Since the building for L— is regular and all vertices are L— (K^*^)- 
conjugate, we have = nfc=i GL(mfc)p^. Thus, cuspidal character sheaves on are 
all of the form i^fe, where Fj. is a cuspidal character sheaf on GL{mk)f^ {cf. [MS89, 

Lemma 5.4.1] for example). Since GL(mfc)f^ admits cuspidal character sheaves if and only 
if ruk = 1, it follows that L— admits cuspidal coefficient systems if and only if m = [1™], 
whence L— is a K^^^-split torus. Let T be a K^^^'-split torus (there is exactly one in G, up 
to G(]K"'")-conjugacy). From the discussion above we see that every cuspidal coefficient 
system for T takes the form 

(6.4) cmd^^^^Ci MjC2^---^ /^nN , 

where (0) is the vertex of I{T, Wl^) and Ck is a Kummer local system on GL(l)f^ for each 
k = 1, . . . ,n. Thus, 

(6.5) ind^C = ind ^cind^^^^^^^i Kl £2 ^ • • • Kl >C„[n]. 

is an admissible coefficient system for G. 

We now suppose G = GL(n)Ki Xspec(Ki) Spec (K."'"), so Gki = GL(n)Ki- Let Ski be the 
IKi-split torus in Gki and let Tk^ be an inner form of 5ki . (Following our conventions, we 
have T = Tk, Xspec(Ki) Spec(K?'-)-) Then 

t 

(6.6) Tl = n ResK„jKiGi^(l)K„, , 

k=l 

where n = [ni,n2, ■ ■ ■ ,nt] is a partition of n and K^. is an unramified extension of Ki is 
degree n^. For each A; = 1, . . . , let 

=ReSK„^/KaGL(l)K„,. 

Then 

r;5/,^=Res,„^/F,GL(l)k„^. 

Let Ok be a character of T^Q^(Fq) and let Ce,, be the Kummer local system on T^^^ equipped 
with an isomorphism Fr*>Cg^ — > in Z)^(T^q^;Q^) such that xCo,, = ^k- Every frobenius- 
stable cuspidal coefficient system for T- takes the form 

(6.7) := cind^S Cq^ [n] , 

with = a character of T^^(Fq), and every frobenius-stable irreducible admissible 

coefficient system for G is a summand of 

(6.8) Af := ind^^C^. 

If each character 9^ appearing in 6 is in general position, in the sense of [DL76], then Aj 
is irreducible, and therefore an irreducible admissible coefficient system itself. 
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One case is particularly important to us. If n = [n] we denote T- (resp. C^, ^) by T" 
(resp. Cq, A^). In this case 

(6.9) r]g^=ResK„/KiGL(l)K„ 

is elliptic and ^? is a character of GL(1,]K„). When 6 is in general position, is an irre- 
ducible admissible coefficient system. This case is sufficient for a description of the models 
of all supercuspidal depth-zero representations, as one sees from the proof of Theorem 5.4. 

Let TT be an irreducible supercuspidal depth-zero representation of G(Ki). Then there 
is a non-trivial character x of ZG{K\) with conductor ZG(Ki)q such that tt is equivalent 
to 

(6-10) T^xfi ■■= cInd^G(Kr)GL(,MKi)(^ ® '^)' 

where a is a representation of GL(n, Oki ) = G(o) (oki ) produced by inflation from a cuspidal 
irreducible representation a of GL(n, F^) = G(q^ (Fg) . Thus, there is a character of T^q^ (Fg) 

in general position such that a is equivalent to (— 

^(0) 

Using this notation, the models for depth-zero supercuspidal representations of GL(n, Ki) 
are presented in Table 5. 

Table 5. Models for depth-zero supercuspidal representations of GL(ti, Ki) 



Representation 


M(Klel 




(-l)"-Mud'/„cindf;; Ce[n] 

ID) 
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